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1 Table of Differentiations

Rules Formula
" d d d
Addition Rule &[f(x) +9(x)] = 7f(x) + &g(x)
Constant gkf(x) - kgf(x)
dx T dx
Product Rule d [f(x)g(x)] = f(x)g (X)+ (x)gf(x)
dx 909l = ax’ 9% 9x
: d[f (X)} 900 & F (%) — F(%) (%)
uotient Rule — =
N dx {Q(X) 9?(x)
Chain Rule E[f( (X))] —Ef( ).ﬂ (X)
ax !X = dg 938
; . dy dy /dx
Parametric Function - at/ at
-1
Inverse Function @’ = dx
dx dy

foo | () || f(®) ()

k 0 sinx COSX
X 1 COSX —sinx
X' ™1 || tanx se@x

e e cotx —cs@x

Inx | 1/x || sex | secxtanx

CSCX | —Ccsexcotx

2 Exponential Functions

e We have something called natural number ,e=2.717828..

. \"
e=lim (1+>
n—oo n

¢ Raisinge to the power of (i.e. f(x) =€) is called the _exponential function. For convenience, we may write it as

f(x) = exp(X)

o Differentiation:
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e Example:
d —AX __ d —)Lxd _
dx_  d(—Ax) dx( A%
d
Py Y S Wl
=e ( )de)
_ )‘e—kx
3 Logarithmic Function
o If y= €, then we defin& = Iny. Where In is the natural logarithm .
o Differentiation: d
d—xlnx = -
e Example:
d o d od 5
axM0¢) = g7 M0E) ,0€)
1
= X2 (ZX)
_2
Y
Exercises

1. Evaluated [In(e® + €) — In(e<2 + &) + 2 tanx|

(;j—x [In(eZXJr %) —In(e 2+ )+ ai‘tanx}

d X a d —-a —X d ra
:d—xln(e2 +e2)—d—xln(e?‘ +€? )+—X<;tanx)
1 1 —x

—o @ (FQ) -~ graax €W+ D)+

2 _e?‘*a—ea*XJrg
S eXjed eaped X x
2e2x-a) @28 _1 g

a
seéx— — tanx
X

a
T ez<xfa)+1+;se8x—?tanx
—%+93e8x—itanx
e 41 X X2

2. Evaluated (Ininx)

d
6((Inlnx)

_1d
" Inxdx

“ xInx

a
[x seéx+ tanx

X2
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d
3. Evaluateg; log;ox

dx 090X
7& Inx
~dx\In10

“hiodx ™

B 1
“xIn10

4. Evaluated exp(tanx?)

d 2
dx exp(tanx?)
d
_ 2y 0 2
=exp(tanx-) OlXtanx
=exp(tanx®) se? XZ%( ()

—2xda 5o @2

5. If f(x) =e*/2cog%), find f(0) +af'(0)

100 =g o[ 3)]

o) e o)

:cos(g) efx/a%l e (_Sin(g)) (;)

1 X 1 . /X
=— fe*X/acos(f) — Ze¥agjp (—)
a a/ a a

- Sefon(2) ()
/(0) =— éeo [cog0) +sin(0)]
1

a
f(0) =e°cog0) =1

f(0)+af(0)=1+a

6. Show thaty = exp(2x) sinx satisfies/’ — 4y +5y =0

y =e*sinx
y =26 sinx+ e cosx
y' =4e® sinx+ 26 cosx+ 26 cosx — €2 sinx
—=3e® sinx 4 4e” cosx
y' — 4y + 5y =3¢ sinx+ 4e®* cosx
— 8e®sinx — 4e™ cosx
+ 5 sinx
=0
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4 Differentiation of Inverse Function

e Rule of Thumb:

dy 1
dx dx/dy
4.1 Inverse Trigonometric Functions
e Example:
Let X =siny
y=sin"1x
dx_CO
dy ¥
=4/1-sirfy
=V1-x?
dy 1
dx V1-—x2
d, . 4 1
—(sin =
' dX(I ) v1—x2
e Formulae to be used:

Six+cogx=1
sedx = tarfx+1
cs@x = cofx+1

e Complete the following table:
f(x) f'(x)
sin~1x !
1—x2
1 1
cosix | —
1—x2
1
=1
tanmtx e
cot 1x !
1+x2
sec1x _
XVxé—1
csclix | — =
Xvx2—1
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4.2 Other inverse functions

e Example:

Exercises

1 Ify=sin * 27 find ¥

2. Ify=tan e, find &

3. If y=sec tanx, find §

Let y=v/X

y :Sinfl E
3

2X—7

osiny=———

3
3siny+7
x_T
dx 3coyy
dy 2

y=tan le
dy 1
d(e) 1+ (&2
dy__dy d(€)
dx d(e) dx

)

14 (e0)?

G

Cl+eX

1

dtanx)  tanxvtarex— 1
dy 1

dx tanxvtardx— 1

seéx

 Se@XCotX  Sexcsex
Viarx—1 Viarx—1
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4. Show that ify = (sin1x)2, (1—x2)y’ —xy =2

y=(sin"1x)?
dy _, _1
dx V1-x2
d’y 1 1 i ~1
—— =2 ———+2(SIN" " X) ——=(—2X
e TV/1-x2V1-x2 ( )2 (1—x2)3( )
1 2x(sin1x)
12 " (1-x)3
o gt B 2 1 2x(sin1x)

—X <2(sin‘lx)\/%)
) 2x(sinr1x)\  2x(sin"tx)
(o )i

(sin"1x)

=2

5 Implicit Functions

Implicit function: Those given as an equation, but not a function

Example of__implicit _function: Circle equation

(x—h)?+(y—k?=r?

Example of__explicit _function: Semicircle

y=k+4/r2—(x—h)2

Differentiation of implicit function: Use the rules to differentiate both side, then simplify

Example: Findﬁ'—i from the standard form of circle equation

(x—h)2+ (y—k)? =r?

d
2(x—h)+2(y—k)££:o

dy__x—h

dx  y—Kk

6 Application of Differentiation

6.1 Parametric functions

e Curves may be expressed aparametric form , such as circle, it can be expressed in standard form:

@1y =12

X =Trcosf
y=rsinf

or in parametric form:
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e If a curve is presented in parametric form, the derivaﬁ&és given by

dy_ dy /dx
dx  de/ de

e Example: Use the parametric form of circle

x=rcosf +h
y=rsinf +k

to find -

X=rcosb +h
dx .
do =-—rsinf
y=rsin6 +k
dy
do
dy rcoso
dx  —rsin®
Xx—h

—(

=r cos0

)

X <
> X

<
>

6.2 Find tangents and normals

e Tangents: Limit of chord on a curve
e Normals: Lines cutting the curve and perpendicular to the tangent at that point
¢ Differentation can help to find the slope, so that you can use straight line formulae to find the tangents or normals

e Example: Find the equation of tangent at pdidi2) from the circlex? +y? = 4.

X +y? =4
dy

2x+2y& =0

dy _x

dx vy

dy 0

— =—=0
dx 02) 2

Equation isy— 2 =0(x— 0)
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Exercises

1. Determine the constans andB such that the normal to the curye= Ae‘+ Be * at (0,2) will be parallel to the line

X—-y=4
y=Ae'+Be™*
ﬁl:Aé‘—Be’X
dx
dy =A—B=3 (slope)
dx 02)
2=A+B =A+B (point)
R R LA
1 1((B| |2
Al |52
B| |[-1/2

2. Prove that curveg = exp(x?) /exandy = x2 — Inx® intersect at right angles at the poiiit 1)

2

G
Y= ex
dy _(ex(e°)(29 - (¢%)(e)
dx (ex)2
_(@)@2-1)
- ex
dy| _(eH21)-1)
Ix w = oD =1 (slope)
y=x2—Inx®
d
d% —2x— X%(sxz)
PV
X
dy B _
dx " =2—-3=-1 (slope)

D(-)=-1 — 1

x=a(t —sint
3. Find the equation of the tangenttat t; to the curve given by the parametric equatir{ns ( )

y=a(l—cos)

%( =a(1l—-cog)
dy
dt
dy  sint
dx  1-codt

dy _siny

dx|i_, ~1—cosy

=asint




Remedial Lesson 2: All the Differentiation You Needed

4. Find the equations of tangent and normal at the po#n8) to the curve given by the parametric equations t> and
y =2t — 1. Show that the normal cuts the curve again at the point wthere 3.

Slope: y— =2(x—4)
= X—2y+2=0
Normal: y—3=-2(x—4)
= 2Xx+y—-11=0
Subt = —3: (xy) =(9,-7)

(9,—7) on normal

. 2 _ ) ) _ x = a(nt—sint)
5. Find the values o%(’ andd—xg whent = 7 in the following parametric equations:
y=a(t+sint)

dx

gt =a(n—cost)
dy
dt
dy 1+cost
dx n—cost

dy_d (dy
dx  dx \ dx

_d [dy) dt
T dt \dx/ dx

=a(1+ cost)

(n—cogt)(—sint) — (14 cost)(sint) 1
- (n—cogst)? “a(n—cost)
—sint(n—1—2cog)
" aln—coxt)?
dy 1
“odx t=xj2 N
d?y —(n—1) 1-n
A, an)? e




