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1 Definition of Definite Integral

e Definite integral as limit of sum

e Riemann Integral:

b n

| 100dx= lim S 1040 (1~ %)
a [1x]|—0,&

where a=X <X <:---<X=Db

I = mast 1~

e Riemann-Stieltjes Integral:

n

| /:’ f(X)dG(x) = lim 02 f (%) [G(Xicr1) — G(X)]

where a=xg<X <---<X,=Db

Il = ma 1)

b b
/a F(x)dG(x) = /a F(x)g(x)dx

e Newton-Leibniz Formula:

/:f(x)dx: Uf(x)dx]b: F(b)—F(a)

— Constant of integration is ignored (as it will be cancelled eventually)

Examples

1. Find the area under the curye= x? fromx=0tox=1

1
/ x2dx
0

1 1
.

Wl —
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2. Find the are under the curye= 2x+ 1 fromx=0tox= 2

2
/ (2x+ 1)dx (trapezeum) Left base 1
0
. 2
— [/(2x+ 1)dx} Right base= 5
: 0
2 2 .
=X +x], Height= 2
=22+2 Area= %(1+5)(2)

3. Find the area of half unit-circlg = /1 — x?

min x=—-1; maxx=+1

1
" area:/ v/ 1—x2dx
/ vV 1—sirftd(sint)

= / cogtdt
/2

/”/2 1+cos:t
B /2
1 1 /2
= t+sin2}
|:2 4 —r/2
1nrn 1( n) T

2 2

2

Exercises

1. Find the area of the semicirclg= v/r2 — x2
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2. Find the area between theaxis and the upper half of the ellipaéx? + b2y? = r2

2 Properties of Definite Integral

¢ Definite integral is the limit of sum / area under the curve

e Area enclosed by a counter-clockwise path is positive, otherwise it is negative

T 2n
- Example:/ sinxdx> 0 but/ sinxdx< 0
T

0
— In terms of the area under the curye- f(x), the area is positive if (x) > 0, and negative if (x) < 0

— Integration from right to left reversed the sign

/ab f(x)dx= —/baf(x)dx
/:f(x)dx:/:f(x)der/be(x)dx

— The above formula is true for both< b < canda<c<b

e Area equals to the sum of sub-area

e Rule of substitution: Ik = g(t) is used for substitution,

/f x)dx = /f
wherea=g(«)

b=g(B)
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e Dummy variable: The variable used in definite integral is unimportant,

/:f(x)dx:/:f(t)dt

Exercises

a a
1. Prove/ f(x)dx:/ f(a—x)dx
0 0

T T
2. Prove/ xf(sinx)dx= g/ f(sinx)dx (Hint: Prove their difference is zero)
0 0

T XSinx

3. Evaluate| ——dx
Jo 1+cogx
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v/ 14 cosx

4. Simplify and find the derivative aj(x) = T cost vI_cos

T
and hence fin(y g(x)dx
0

3 Helpful Knowledge

e Odd function means for ak, we havef (—x) = —f(X)

— Example: sirx
a

— For integration of the odd functiory, f(x)dx=20
—a

e Even function means for ak, we havef (—x) = f(x)

— Example: cox
ra

ra
— For integration of the even functioy/, f(x)dx= 2/ f(x)dx
—a 0
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¢ Periodic function with period means for alk, we havef (x) = f(x+T)

— Example: six has period of 2

— For integration of the periodic function with peridd we have

1. /a;bf(x)dx:/b”f(x)dx

a+T

2. /OT f(x)dx= /:+T f(x)dx

3, /OnT f(x)dx = n/OT f(x)dx

Exercises

1. Evaluate[; (€ + e *) sinxdx

2. Evaluate[™,; (€' — e ¥) cosxdx

3. Evaluatefzo”/7 sinxdx

6r/7

4 Integrated Exercises

1
1. / ev*dx
0
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2 &
2./1ex_1dx

/3
3. / xsin 3xdx
0

—2X if x<0
4
4./ f(x)dxwheref(x) = { 1x ifo<x<2
-1
2x—3 ifx>2
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5. / xe Xdx
0

6 11d
.| —=dx
/()\/f(

a X
o p——
0 vaZ—x?

/4
8. Givenl, :/ sedxdx, Expresds in terms ofl,
0



