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1 Overview of Differential Calculus

• A continuousfunction f (x) has independent variablex

– Differentiation of f (x) with respect tox is denoted by
d f(x)

dx
– Differential of f (x) is an approximation of the change inf (x): d f(x)≈ f (x+δx)− f (x)

– Differentials can be related by the derivative:d f(x) =
d f(x)

dx
dx

• A continuous multi-variable functionf (x1,x2, . . . ,xn) has independent variablesx1,x2, . . . ,xn

– Differentiation of f (·) with respect toxk is denoted by
∂ f
∂xk

– Differential of f (·) is expressed as a sum:d f =
n∑

k=1

∂ f
∂xk

dxk

– Think: The term
∂ f
∂xk

dxk is the change inf due todxk amount of change in a single variablexk

• Inverse of differentiation is integration

dx= A(x, t)dt

=⇒ x(t) = x(0)+
∫ t

0
A(x,τ)dτ

2 Introduction to SDE

2.1 SDE with respect to a Wiener process [4,7]

• A standard Wiener process/Brownian motionWt

– Infinitesimal incrementsdWt in timedt has density:
1√

2πdt
e−dW2

t /2dt

– Mean ofdWt : dWt = E{dWt}= 0

– Variance ofdWt = E
{
(dWt −dWt)2

}
= E

{
(dWt)2

}
= (dWt)2

∗ But according to the density function, the variance isdt, hence

(dWt)2 = dt (1)

– A function of Wiener process:f (t,Wt) has the differential

d f(t,Wt) = f (t +dt,Wt +dWt)− f (t,Wt) (2)



October 3, 2005 Poisson Counter Driven Stochastic Differential Equation 2

• Taylor’s expansion: [5]

f (x1, . . . ,xn) =
∞∑

j=0





1
j!

[
n∑

k=1

(xk−ak)
∂

∂x′k

] j

(x′1, . . . ,x
′
n)





x′1=a1,...,x′n=an

f (x+δx,y+δy) = f (x,y)+
[

∂ f (x,y)
∂x

δx+
∂ f (x,y)

∂y
δy

]

+
1
2!

[
∂ 2 f (x,y)

∂x2 (δx)2 +2
∂ 2 f (x,y)

∂x∂y
δxδy+

∂ 2 f (x,y)
∂y2 (δy)2

]

+ · · ·+ 1
n!

n∑

k=0

(
n
k

)
∂ n f (x,y)
∂xk∂yn−k (δx)k(δy)n−k + · · ·

– Compare: Taylor’s expansion for one-variable function:f (x) =
∞∑

k=0

(x−a)k

k!
f (k)(a)

– Hence tyhe Taylor’s expansion of (2):

d f(t,Wt) =− f (t,Wt)+ f (t +dt,Wt +dWt)

=− f (t,Wt)+ f (t,Wt)+
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt

+
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

=
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

∗ Substituting (1), the mean behavior ofd f(t,Wt) is therefore:

d f(t,Wt) =
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

=
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
dt+ · · ·

≈ ∂ f (t,Wt)
∂ t

dt+
∂ f (t,Wt)

δWt
dWt +

1
2

∂ 2 f (t,Wt)
∂W2

t
dt

=
[

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

]
dt+

∂ f (t,Wt)
δWt

dWt asdt→ 0

• Chain rule:

– Let dx(t,Wt) = a(x, t)dt+b(x, t)dWt

– For f (x(t,Wt)),

d f(x(t,Wt)) =
[
a(x, t)

d f(x)
dx

+
1
2

b2(x, t)
d2 f
dx2

]
dt+b(x, t)

d f
dx

dWt

∵ dx(t,Wt) =
[

∂x(t,Wt)
∂ t

+
1
2

∂ 2x(t,Wt)
∂W2

t

]
dt+

∂x(t,Wt)
∂Wt

dWt

∴ d f(x(t,Wt)) =

[(
∂x(t,Wt)

∂ t
+

1
2

∂ 2x(t,Wt)
∂W2

t

)
d f(x)

dx
+

1
2

(
∂x(t,Wt)

δWt

)2 d2 f (x)
dx2

]
dt+

∂x(t,Wt)
∂Wt

d f(x)
dx

dWt

– This is called the one-dimensional Itô’s formula, named after Kiyoshi Itô (þ;z)

• Traditional product rule:

d( f (t)g(t)) = f (t +dt)g(t +dt)− f (t)g(t)
= [ f (t +dt)− f (t)]g(t +dt)+ f (t) [g(t +dt)−g(t)]
= [ f (t +dt)− f (t)] [g(t +dt)−g(t)]+ [ f (t +dt)− f (t)]g(t)+ f (t) [g(t +dt)−g(t)]
= d f(t)dg(t)+g(t)d f(t)+ f (t)dg(t)

=
d f(t)

dt
dg(t)

dt
(dt)2 +

d f(t)
dt

g(t)dt+
dg(t)

dt
f (t)dt
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– If dt is infinitesimal,(dt)2 = 0 and we get

d( f (t)g(t)) =
d f(t)

dt
g(t)dt+

dg(t)
dt

f (t)dt

• Product rule in It

d( f (t,Wt)g(t,Wt)) = f (t +dt,Wt +dWt)g(t +dt,Wt +dWt)− f (t,Wt)g(t,Wt)
= [ f (t +dt,Wt +dWt)− f (t,Wt)]g(t +dt,Wt +dWt)+ f (t,Wt) [g(t +dt,Wt +dWt)−g(t,Wt)]
= [ f (t +dt,Wt +dWt)− f (t,Wt)] [g(t +dt,Wt +dWt)−g(t,Wt)]

+ [ f (t +dt,Wt +dWt)− f (t,Wt)]g(t,Wt)+ f (t,Wt) [g(t +dt,Wt +dWt)−g(t,Wt)]
= d f(t,Wt)dg(t,Wt)+g(t,Wt)d f(t,Wt)+ f (t,Wt)dg(t,Wt)

∵ d f(t,Wt) =
(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
∂Wt

dWt =
(

∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
dt+

∂ f
∂Wt

dWt

dg(t,Wt) =
(

∂g(t,Wt)
∂ t

+
1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
∂Wt

dWt =
(

∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dt+

∂g
∂Wt

dWt

∴ d( f (t,Wt)g(t,Wt)) =
[(

∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
dt+

∂ f
∂Wt

dWt

][(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dt+

∂g
∂Wt

dWt

]

+g

[(
∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
dt+

∂ f
∂Wt

dWt

]
+ f

[(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dt+

∂g
∂Wt

dWt

]

=
(

∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
(dt)2 +

∂ f
∂Wt

(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dtdWt

+
(

∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
∂g

∂Wt
dtdWt +

∂ f
∂Wt

∂g
∂Wt

(dWt)2

+g

[(
∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
dt+

∂ f
∂Wt

dWt

]
+ f

[(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dt+

∂g
∂Wt

dWt

]

(ast → 0) =
∂ f
∂Wt

∂g
∂Wt

(dWt)2 +g

[(
∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
dt+

∂ f
∂Wt

dWt

]
+ f

[(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
dt+

∂g
∂Wt

dWt

]

=
∂ f
∂Wt

∂g
∂Wt

dt+
[(

∂ f
∂ t

+
1
2

∂ 2 f

∂W2
t

)
g+

(
∂g
∂ t

+
1
2

∂ 2g

∂W2
t

)
f

]
dt+

[
∂ f
∂Wt

g+
∂g

∂Wt
f

]
dWt

which yields the following Itô’s product rule:

d( f (t,Wt)g(t,Wt)) =
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
g(t,Wt)+

(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
f (t,Wt)+

∂ f (t,Wt)
∂Wt

∂g(t,Wt)
∂Wt

]
dt

+
[

∂ f (t,Wt)
∂Wt

g(t,Wt)+
∂g(t,Wt)

∂Wt
f (t,Wt)

]
dWt

• Rationale:

dx= a(x, t)dt+b(x, t)dWt

x(t) = x(0)+
∫ t

0
a(x, t)dt+

∫ t

0
b(x, t)dWt

The first equation is the stochastic differential equation. Itô’s solution is to find a functionx(t) that satisfy the
second equation. Which we call it the solution of the first one.

2.2 SDE with respect to a Poisson counting process [1]

• Poisson Counter Driven Stochastic differential equations is of the form:

dX(t) = f (X(t))dt+
n∑

i=1

gi(X(t))dNi(t)

where{X(t)} is a stochastic process described by the stochastic differential equation,Ni(t) are Poisson counters
that drivesX(t), and f (x), gi(x) are real-valued functions
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– If it is driven by Wiener process,Ni(t) becomesWi(t)
– Poisson process is in discrete domain, i.e.Ni(t) ∈ N; but Wiener process is in continuous domainWi(t) ∈ R.

This causes the PCDSDE differ from the previous section

• Poisson counterNi(t) with dNi(t) = 0 if no eventi occur att anddNi(t) = 1 if event ioccur att, i.e.

dNi =
{

1 at Poisson arrival
0 elsewhere

(3)

E[dNi ] = λidt

• Properties of stochastic differential equations

1. cádlág: continue á droite, limite á gauche. IfN(t) jumps atτ

lim
t→τ−

X(t) = X(τ−)

X(τ) = X(τ−)+g(X(τ−))

2. If h(t) = h(X(t)) is a function of a stochastic process, then due to the jump nature:

dh(t) =
dh
dX

(
f (X(t))dt+

n∑

i=1

gi (X(t))dNi(t)

)

=
dh
dX

f (X(t))dt+
n∑

i=1

dh
dX

gi (X(t))dNi(t)

=
dh
dX

f (X(t))dt+
n∑

i=1

[h(X(t)+gi (X(t)))−h(X(t))]dNi(t) (4)

3. Letλi be the rate associated withNi(t), then

dE[X(t)] = E[ f (X(t))]dt+
n∑

i=1

E[gi (X(t))]λidt

or
dE[X(t)]

dt
= E[ f (X(t))]+

n∑

i=1

λiE[gi (X(t))] (5)

3 Examples

3.1 M/G/1 Queue [1,2]

• Imagine a M/G/1 queue with server capacity of 1

• Arrival is represented by Poisson counting process{N(t)} with arrival rateλ , general service time per customer is
X

• Let W(t) be the amount of work in the system (which can also be the queueing time of the customer arriving att),
then

dW(t) =
{ −dt+XdN(t) W(t) > 0

XdN(t) W(t) = 0

=−1(W(t) > 0)dt+XdN(t)

• By (5), we have

dE[W(t)]
dt

=−E[1(W(t) > 0)]+λE[X]

=−Pr[W(t) > 0]+λE[X]

• If the system is ergodic and stable,ρ ∆= λE[X] < 1 anddE[W(t)]/dt = 0, hence

dE[W(t)]
dt

= 0

∴ −Pr[W(t) > 0]+λE[X] = 0

Pr[W(t) > 0] = λE[X] = ρ
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• Similarly, the differential for the second moment ofW(t):

dW2(t) =
dW2

dW
(−1(W(t) > 0))dt+

[
(W(t)+X)2−W2(t)

]
dN(t)

=−2W(t)1(W(t) > 0)dt+
[
W2(t)+2XW(t)+X2−W2(t)

]
dN(t)

=−2W(t)1(W(t) > 0)dt+
[
2XW(t)+X2]dN(t)

dE[W2(t)]
dt

=−2E[W(t)1(W(t) > 0)]+λ
(
2E[W(t)X]+E[X2]

)

=−2E[W(t)]+λ
(
2E[W(t)]E[X]+E[X2]

)

=−2E[W(t)]+2ρE[W(t)]+λE[X2]

= 2E[W(t)](ρ−1)+λE[X2]

• In steady state,dE[W2(t)]/dt = 0 which yields the Pollaczek-Khinchin formula

0 = 2E[W(t)](ρ−1)+λE[X2]

2(1−ρ)E[W(t)] = λE[X2]

E[W(t)] = E[Wq] =
λE[X2]
2(1−ρ)

3.2 Window size in TCP and determining the rate [6]

• The paper describes the TCP traffic model by Poisson countersNTD (triple duplicate ACKs) andNTO (timeout)

• Window sizeW is described by the differential equation:

dW =
dt

RTT
−W

2
dNTD +(1−W)dNTO (6)

• Taking expectation on (6) will have:

E[dW] =
dt

RTT
− E[W]

2
E[dNTD]+ (1−E[W])E[dNTO]

dE[W] =
dt

RTT
− E[W]

2
λTDdt+(1−E[W])λTOdt

dE[W]
dt

=
1

RTT
− E[W]

2
λTD +(1−E[W])λTO

=
1

RTT
+λTO−

(
λTO+

λTD

2

)
E[W]

since

y′(t) = a+by(t)

=⇒ y(t) =−a
b

+Cebt

therefore

E[W] =
1

RTT +λTO

λTO+ λTD
2

+Cexp

(
−

(
λTO+

λTD

2

)
t

)
∃C∈ R

=
1

RTT +λTO

λTO+ λTD
2

ast → ∞ (steady state)

• The throughtputR is the expected window size divided by the RTT, hence

R=
1

RTT

(
1

RTT +λTO

λTO+ λTD
2

)

which we can determine the data rate of TCP by giving RTT, timeout rate and triple-ACK rate

• In [6], a further refinement of the window sizeW is done
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– Maximum window size allowed isWmax = K. Hence no more additive increase afterW = K

– Equation (6) is therefore rewritten as:

dW = IM(W)
dt

RTT
−W

2
dNTD +(1−W)dNTO

where

IM(W) =

{
1 W < M

0 W = M

• Similaring doing expectation,

E[dW] = E[IM(W)]
dt

RTT
− E[W]

2
E[dNTD]+ (1−E[W])E[dNTO]

dE[W] = E[IM(W)]
dt

RTT
− E[W]

2
λTDdt+(1−E[W])λTOdt

dE[W]
dt

= Pr[W < M]
1

RTT
− E[W]

2
λTD +(1−E[W])λTO

0 = Pr[W < M]
1

RTT
+λTO−

(
λTO+

λTD

2

)
E[W]

E[W] =
Pr[W < M] 1

RTT +λTO

λTO+ 1
2λTD

=
(1−Pr[W = M]) 1

RTT +λTO

λTO+ 1
2λTD

• Please read the paper for the rest, the final result is:

P[W = M] =
2λ 2

TO+2λTO+λTOλTD +2λTO
1

RTT +2 1
RTT2 +2 1

RTT

( 1
RTT +1)(2MλTO+MλTD +2 1

RTT)

3.3 Adrian’s Unpublished Research Work

• A pipe of capacity 1 with two types of traffic: TCP and UDP

• Each TCP user arrives in Poisson process with rateλt and UDP user arrives with rateλu

• TCP user has file size in exponential distribution with mean1/µt ; UDP user requires a fixed bandwidthα < 1 but
it stay in the network for an exponential time with mean1/µu

• UDP user will refuse to enter the network if the network is full, i.e. if the network hasn TCP andm UDP, and the
following satisfied

nε +(m+1)α > 1

then the UDP user will not enter the network

• Admission function is defined as:I(n,m) =

{
0 nε +(m+1)α > 1

1 nε +(m+1)α ≤ 1

• Let W(t) be the total number of bytes to be transferred by the network at timet

• PCDSDE:
dW(t) =−1(W > 0)dt+StdNt + I(n,m)SudNu

– St andSu are random variables describing the data size (number of bytes) of a newly arriving TCP and UDP
user, respectively

– Nt andNu are Poisson counters decribing the arrival of TCP and UDP users

– The expected value ofI(n,m) denotes the ratio of admitted UDP users to the total UDP arrivals
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• Taking the mean:

dW(t) =−1(W > 0)dt+StdNt + I(n,m)SudNu

dE[W] =−E[1(W > 0)]dt+E[StdNt ]+E[I(n,m)SudNu]
=−Pr[W > 0]dt+E[St ]E[dNt ]+E[I(n,m)]E[Su]E[dNu]

=−Pr[W > 0]dt+
1
µt

λtdt+Pr[nε +(m+1)α > 1]
α
µu

λudt

dE[W]
dt

=−Pr[W > 0]+
λt

µt
+Pr[nε +(m+1)α > 1]α

λu

µu

But if the system is in steady state, the mean workloadE[W] should be independent of the timet, hencedE[W]/dt =
0 is expected, so we get

0 =−Pr[W > 0]+
λt

µt
+Pr[nε +(m+1)α > 1]α

λu

µu

Pr[nε +(m+1)α > 1]α
λu

µu
= Pr[W > 0]− λt

µt

Pr[nε +(m+1)α > 1] =
Pr[W > 0]−ρt

αρu
(7)

with ρt = λt/µt andρu = λu/µu. The termPr[W > 0] is the percentage of busy time of the pipe, which can be
approximated byPr[W > 0]≈min(1,αρu +ρt).

• The second moment ofW(t):

∵ dW(t) =−1(W > 0)dt+StdNt + I(n,m)SudNu

∴ dW2(t) =
dW2

dW
(−1(W > 0))dt+

[
(W(t)+St)

2−W2(t)
]

dNt +
[
(W(t)+ I(n,m)Su)

2−W2(t)
]

dNu (8)

=−2W(t)1(W > 0)dt+
[
W2(t)+2StW(t)+S2

t −W2(t)
]
dNt +

[
W2(t)+2I(n,m)SuW(t)+ I2(n,m)S2

u−W2(t)
]
dNu

=−2W(t)1(W > 0)dt+
[
2StW(t)+S2

t

]
dNt ++

[
2I(n,m)SuW(t)+ I(n,m)S2

u

]
dNu

dE[W2]
dt

=−2E[W]+λt
(
2E[StW]+E[S2

t ]
)
+E[I(n,m)]λu

(
2E[SuW]+E[S2

u]
)

=−2E[W]+λt
(
2E[St ]E[W]+E[S2

t ]
)
+E[I(n,m)]λu

(
2E[Su]E[W]+E[S2

u]
)

=−2E[W]+λt

(
2

1
µt

E[W]+E[S2
t ]

)
+E[I(n,m)]λu

(
2

α
µu

E[W]+E[S2
u]

)
(9)

– Second moment of exponential variable:

E[X2] =
∫ ∞

0
X2λe−λXdX

=−
∫ ∞

0
X2de−λX

=−
[
X2e−λX

]∞

0
+

∫ ∞

0
2Xe−λXdX

=
−2
λ

∫ ∞

0
Xde−λX

=
−2
λ

[
Xe−λX

]∞

0
+

2
λ

∫ ∞

0
e−λXdX

=
2
λ

[−1
λ

e−λX
]∞

0

=
2

λ 2

– Hence substitute into (9) and setting the derivative to be zero, we have

0 =−2E[W]+λt

(
2

1
µt

E[W]+
2

µ2
t

)
+E[I(n,m)]λu

(
2

α
µu

E[W]+
2α2

µ2
u

)

E[W] = ρtE[W]+
ρt

µt
+E[I(n,m)]αρuE[W]+

Rα2ρu

µu
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(1−ρt −E[I(n,m)]αρu)E[W] =
ρt

µt
+

E[I(n,m)]α2ρu

µu

E[W] =
ρt
µt

+ E[I(n,m)]α2ρu
µu

1−ρt −E[I(n,m)]αρu

after substitutingE[I(n,m)] as in (7), it becomes

E[W] =
ρt
µt

+ E[I(n,m)]α2ρu
µu

1−ρt −E[I(n,m)]αρu

=
(

ρt

µt
+

α2ρu

µu

Pr[W > 0]−ρt

αρu

)/(
1−ρt − Pr[W > 0]−ρt

αρu
αρu

)

=
(

ρt

µt
+

α(Pr[W > 0]−ρt)
µu

)/
(1−ρt −Pr[W > 0]+ρt)

=
ρt µu +α Pr[W > 0]−αλt

µt µu

/
(1−Pr[W > 0])

=
ρt µu +α Pr[W > 0]−αλt

µt µu (1−Pr[W > 0])

• Because the pipe has capacity 1, using Little’s formula, the mean population of TCP traffic is:

n = λ ×T

= λt
ρt µu +α Pr[W > 0]−αλt

µt µu (1−Pr[W > 0])

=
ρt µu +α Pr[W > 0]−αλt

ρt µu (1−Pr[W > 0])

≈ ρt µu +αρ ′−αλt

ρt µu (1−ρ ′)

• So, what’s next?!

3.4 Fluid Queue [3]

• A fluid queue with serving capacityc and a buffer sizeB feed by markov on-off source

• When the source is in “on” state, fluid arrives with rateh > c; no arrival in “off” state

• There is a thresholdK such that, when the fluid in queue exceedsK while the source just turns to “on” state, the
whole arrival is discarded

– Rationale: An IP packet (usually >1 kbyte) is divided into multiple 53-byte cells in ATM. One single ATM
cell drop will cause the whole IP packet unrecoverable. If we model IP packet arrival as markov on-off source
and the fluid queue as ATM link, this behavior is optimal to use the bandwidth

• The source is in silence period for an exponentially distributed time with mean1/λ1; the burst size is also
exponentially distributed with mean1/λ2

• Let θ ∈ {0,1} denotes the behavior of the source andx∈ {0,1} denotes the arrival pattern with discarding policy,
i.e. if x = θ = 1, the fluid queue is accepting fluid arrival with rateh; if x = θ = 0, the queue is clearing and no
arrial to the queue; ifx = 0 while θ = 1, the arrival is discarded due to the buffer level exceededK at the timeθ
turns from 0 to 1.

• The process of buffer levelv(t) and arrival patternx(t) are denoted by

dx(t) = [1−x(t)]1(v(t) < K)dN1−x(t)dN2

dv(t) =−c1(v(t) > 0)dt+hx(t)1(v(t) < B)dt+cx(t)1(v(t) = B)dt

whereN1 is a Poisson counter with rateλ1 (signals the end of silence period) andN2 is a Poisson counter with rate
λ2 (signals the end of bursty arrival)

– The first term ofdx(t) means arrival of a burst is accepted only ifv(t) < K andx(t) = 0
The second term means the termination of a burst will causex(t) to change only ifx(t) = 1
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– The first term ofdv(t) means that if the queue is not empty, the buffer is cleared at the rate ofc
The second term means ifx(t) = 1, the queue will be filled with the rate ofh unlessv(t) ≥ B, which buffer
overflow will occur
The third term means, if buffer overflow occur, andx(t) = 1, v(t) will keep atB

• The differential of the(n+1)-th power ofv(t), using equation (4):

dvn+1 = (n+1)vndv

= (n+1)vn [−c1(v > 0)dt+hx1(v < B)dt+cx1(v = B)dt]

dvnx = nxvn−1dv+vndx

= nxvn−1 [−c1(v > 0)dt+hx1(v < B)dt+cx1(v = B)dt]
+vn [(1−x)1(v < K)dN1−xdN2]

and taking the expectation:

dE[vn+1] = (n+1)(−cE[vn1(v > 0)]dt+hE[vnx1(v < B)]dt+cE[vnx1(v = B)]dt)
= (n+1)(−cE[vn]dt+hE[vnx|v < B]Pr[v < B]dt+cE[vnx|v = B](1−Pr[v < B])dt)
= (n+1)(hE[vnx|v < B]Pr[v < B]dt−cE[vnx|v < B]Pr[v < B]dt)

dE[vnx] = n
(−cE[vn−1x1(v > 0)]+hE[vn−1x21(v < B)]+cE[vn−1x21(v = B)]

)
dt

+E[vn(1−x)1(v < K)]λ1dt−E[vnx]λ2dt

= n
(−cE[vn−1x]+hE[vn−1x|v < B]Pr[v < B]+cE[vn−1x|v = B](1−Pr[v = B])

)
dt

+E[vn(1−x)1(v < K)]λ1dt−E[vnx]λ2dt

– Notes:

1. x2 = x becausex∈ {0,1}
2. E[vnxm1(v > 0)] = E[vnxm]

3. v(t) is upperbounded byB. HencePr[v < B] = 1−Pr[v = B] ∆= 1− p2

4. E[vnxm] = E[vnxm|v < B]p2 +E[vnxm|v = B](1− p2)

5. We definePr[v < K] ∆= p1 < p2

6. If v = B, x must be 1. HenceE[vnxm|v = B] = E[vn|v = B] = Bn

• Therefore we can rewrite the differentialdE[vnx] into:

dE[vnx] = n
(−cE[vn−1x]+hE[vn−1x|v < B]p2 +cE[vn−1x|v = B](1− p2)

)
dt

+E[vn(1−x)|v < K]λ1p1dt−E[vnx]λ2dt

= n
(−cE[vn−1x]+h

(
E[vn−1x]−E[vn−1x|v = B](1− p2)

)
+cE[vn−1x|v = B](1− p2)

)
dt

+E[vn(1−x)|v < K]λ1p1dt−E[vnx]λ2dt

= n
(
(h−c)E[vn−1x]+ (h−c)E[vn−1x|v = B](1− p2)

)
dt

+E[vn(1−x)|v < K]λ1p1dt−E[vnx]λ2dt

= n
(
(h−c)E[vn−1x|v < B]p2

)
dt

+E[vn−vnx)|v < K]λ1p1dt−E[vnx]λ2dt

= n
(
(h−c)E[vn−1x|v < B]p2

)
dt

+E[vn|v < K]λ1p1dt−E[vnx|v < K]λ1p1dt−E[vnx|v < B]p2λ2dt−E[vnx|v = B](1− p2)λ2dt

= n
(
(h−c)E[vn−1x|v < B]p2

)
dt

+E[vn|v < K]λ1p1dt−E[vnx|v < K]λ1p1dt−E[vnx|v < B]p2λ2dt−Bn(1− p2)λ2dt

• Substitute the following:

E[vn|v < B]p2 = E[vn|v < K]p1 +E[vn|K ≤ v < B](p2− p1)
E[vnx|v < B]p2 = E[vnx|v < K]p1 +E[vnx|K ≤ v < B](p2− p1)

into the differentialsdE[vnx] anddE[vn+1] will get:

dE[vn+1] = (n+1)(hE[vnx|v < B]Pr[v < B]dt−cE[vnx|v < B]Pr[v < B]dt)
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= (n+1)(hE[vnx|v < B]p2dt−cE[vnx|v < B]p2dt)
= (n+1)(hE[vnx|v < K]p1 +hE[vnx|K ≤ v < B](p2− p1)−cE[vn|v < K]p1−cE[vn|K ≤ v < B](p2− p1))dt

dE[vnx] = n
(
(h−c)E[vn−1x|v < B]p2

)
dt

+E[vn|v < K]λ1p1dt−E[vnx|v < K]λ1p1dt−E[vnx|v < B]p2λ2dt−Bn(1− p2)λ2dt

= n
(
(h−c)E[vn−1x|v < K]p1 +(h−c)E[vn−1x|K ≤ v < B](p2− p1)

)
dt

+E[vn|v < K]λ1p1dt−E[vnx|v < K]λ1p1dt

−E[vnx|v < K]p1λ2dt−E[vnx|K ≤ v < B](p2− p1)λ2dt−Bn(1− p2)λ2dt.

• So setting the two differentials to zero (as the steady behavior, the expectation is independent of timet), we get:

0 = hE[vnx|v < K]p1 +hE[vnx|K ≤ v < B](p2− p1)−cE[vn|v < K]p1−cE[vn|K ≤ v < B](p2− p1)

0 = n(h−c)p1E[vn−1x|v < K]+n(h−c)(p2− p1)E[vn−1x|K ≤ v < B]
+E[vn|v < K]λ1p1−E[vnx|v < K]λ1p1

−E[vnx|v < K]p1λ2−E[vnx|K ≤ v < B](p2− p1)λ2−Bn(1− p2)λ2

= n(h−c)E[vn−1x]−n(h−c)E[vn−1x|v = B](1− p2)−Bn(1− p2)λ2

−E[vnx|v < K]p1(λ1 +λ2)−E[vnx|K ≤ v < B](p2− p1)λ2 +E[vn|v < K]λ1p1

or in matrix form:

(
hp1 h(p2− p1) −cp1 −c(p2− p1)

−p1(λ1 +λ2) −λ2(p2− p1) λ1p1 0

)



E[vnx|v < K]
E[vnx|K ≤ v < B]

E[vn|v < K]
E[vn|K ≤ v < B]




+
(

0
n(h−c)E[vn−1x]−n(h−c)Bn−1−Bn(1− p2)λ

)
=

(
0
0

)
.

• EliminatingE[vnx|v < K] from the above yields:

∴ E[vn|v < K] =[
h

c(λ1 +λ2)
(
n(h−c)E[vn−1x]−Bn(1− p2)

(
n(h−c)B−1 +λ2

)
+(p2− p1)λ1E[vnx|K ≤ v < B]

)

− (p2− p1)E[vn|K ≤ v < B]

](
p1− λ1p1h

c(λ1 +λ2)

)−1

• In [3], it can finally derive a formula forE[vn] and then by using

L {Pr[v]}= E[e−sv] = E[
∞∑

n=0

(−sv)n

n!
] =

∞∑

n=0

(−s)n

n!
E[vn]

to derive the Laplace transform of the buffer size distribution, which can be used to find the probability distribution
and other useful things.
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