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1 Definition of Differentiation

Differentiation as a limit:

f(x+h)—f(x) d
tLano h T dx

and__f'(x) is called the derivative of (x).

f(x) = '(x)

If we think f(x)isa...

1. ...isacurve, therf’(x) is the__slope of the curve at the coordinate (x. f(x))

2. ...is the displacement of a motion, anid time, thenf’(x) is the__velocity

3. ...is the velocity of a motion, amxds time, thenf’(x) is the__acceleration
4

..is the quantity of something (e.g. $$ in bank), aigkime, thenf’(x) is the__rate of change of the quantity

e Sometimes, we may approximate the derivative by

o A1
e Higher differenatials: Iy = f(x),
dy _d. . o
ax - dXf(x) = f'(x)
d’y d? d .,
e e W= g™
dd d

X :&&...&f(x)
—_——

dn
= @f(x)
d
~ f(n-1)
2 Techniques of Differentiation
e Formulae to remember:
don a1
&x =nx"
gi_g —N_ N1
oo axe ™

d .
— sinX = cosx
dx
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d .
— COSX = —Sinx

dx

d

— tanx = seéx
dx

d

— cotx = —csé@X
dx

d
— sex = secxtanx
dx

d
— CSCX = — CSCXCOotX
dx

o Differentiation rules:

d

dx k=0 (kis constant)
gkf(x) = kg f(x) kis constant)
dx ©Tdx
91100 £ 900) = (%) + Lg(x)
9= ax ax’
d
x| 09() = F(x) 590 +9(x) 5 f(x)
dfx 9(x) & F () — () £9(%)
dxg(x) g2(x)
d d d
ax' 9% = 44 "9 59X
Exercises
1. Evaluated x® = rI]imow
d g3 . (x+h3-x3
&X?} =am h
X3+ 3hx +3hPx+h3 —x3
= lim
h—0 h
= 'I1im0(3x2+3hx+ h?)
=3
2. Evaluate the derivative fon@ + 13x+ 15
d 2 B d 2 d d
&(ZX +1X+15) = 5((Zx )+ 6((13)() + 6((15)
_,4d 5 d
=2 () +13-(x)+0
=2(2x) +13

=4x+13
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3. Using the product rule and chain rule to find the derivativexf213x+ 15 = (2x+ 3)(x+5)

d d d
d—x[(2x+ 3)(X+5)] = (2x+ 3)d—x(x+ 5) + (x+ 5)&(2x+ 3)
= (2x+3)(1)+ (x+5)(2)
= 2x+3+2x+10

=4x+13

4. Evaluate (2x+ 3)%°

dx dx
= 99(2x+3)%(2)
—19§2x 4 3)%8

G2 -9z 3% (x4

5. Evaluate the following:

dx®+2x+1 (=24 1) G0 +2x+1) — (0 + 2x+ 1) § (0 — 2x+ 1)

dxx@—2x+1 (X2 — 2x+1)2
(X% — 2x+1)(2x+2) — (X2 +2x+ 1) (2x— 2)
(X2 —2x+1)?
2(x—1)%(x+1) —2(x+1)?(x—1)
(x—=1)*
_ 2x=1)(x+1)[(x—1) — (x+1)]
a (x=1)4
—4(x—1)(x+1)
CE
4(x+1)
(x=1)3

6. Evaluate the following:

dx>+2x+1 d (x+1)2
dxx@—2x+1  dx(x—1)2
(x—1)2& (x+1)2 - (x+1)2 & (x— 1)2
(x—=1)4
2(x—1)?(x+1)(1) —2(x+1)%(x—1)(1)
(x—=1)4
2(x—1)(x+1)[(x—1) — (x+1)]
(x—=1)
—4(x—1)(x+1)
(x—1)%
4(x+1)
(x-1)3

7. Evaluate the following:

dx>+2x+1 d (x+1)2 d ) 5
&xz—%+1:&(x—l)2:&[(x+l) (x=17]
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_A(x+1)
S (x=1)°
2
8. Evaluated; \/x= & (&v/X)
d? d/d
52 = ax (&)
_d/ 1
Codx \ 2yX
_d(Lap
~dx (ZX )
_ 1 s
B 1
43

9. Evaluated (3sirf(x?))
d (3sir12(x2)) = 6sin(x2)g (sin(xz))

= 6sin(x%) cos(xz)%(x2

= 12xsin(x?) cogx?)

3 Indefinite Integral

¢ Integration as the inverse function of differentiation

e Examples:
/nx”‘ldx:x“JrC

—-n 1
/Xn+1dX: %_FC

/cosxdx: sinx+C
/(—sinx)dx: cosx+C
/se@xdx:tanx+c
/(—csczx)dx: cotx+C
/secxtanxdx: sex+C

/(— csexcotx)dx= csex+C

e There is aconstant of integratiom the result of indefinite integral
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4 Definite Integral

e Definition: Riemann Sum
— Adding many many very very small quantities together

Xh=b
[ to00x= tim S 1000000130

n—oo

— Example: Finding area under the cusve: f(x), fora<x<b

e Fundamental Theorem of Calculus

/abf(x)dx: /f(x)dx

/bF’(x)dx: F(b)— F(a)

Ja

b
a

— Example:

_ 1L
3 0
1 1
— (13— 2(0)3
S1°-35(0)
_1L
-3

e Additional theorems to remember:

Exercises:

1. [ /xdx

2. [o™ cosxdx

An .
/ cosxdx= [sinxy"
0

= [sin(4r) —sinQg
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=0
3. [Zx%dx
2 2
/ X2dx = [1x3}
5 3 5
1 3 372
—3 [2°-5 ]5
1
7(8 125
1
3
4. [3mddx

1 1
/mﬁdx:m/ x"dx
0 0
1

B
n+1 0

LU YR N |
n+1 B ]
. m
S n+1
5. (Caution: Indefinite integralf $2_,; Bi(kx+ 1)kdx
n n
/Z ((kx+ 1)kdx= 5 (/Bk (kx+ 1) kdx)
K=1 K=1
n
= (B (kx+1) kdx)
K=1
- k+1
= By (kx+1) + )
3. (B
= i M(k +1)k+1
& kk+1)

5 Bring-home Practices

5.1 Differentiation

1. Findgfory: ﬂ('f'.i
dx X sinx

dy 7
2. Flnd for —+3\/
Y= e Ix

3. Find %Z fory= (x—1)(2x+1)(3—2x)

. dy [1—X
4, Flnd&fory_ Tx

5. Find % for y = sin(cog(x*+x))
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. dy 1 1
6. Find dx fory= icos;

x

7. Find%fory: X+ / X+ /X

8. The slope of the tangent to the curye- ax® + bx at the point(1,1) is —5. Calculate the values @fandb. With these
values, find the coordinates of the points on the curve where the tangent is paralletiaxibe

9. (Caution: Implicit differentiation) Find the slopes at the points whete2 on the curve

17x2 — 12xy+ 8y? = 100

10. (Caution: Implicit differentiation) Find the slope of the tangent at the p(o}jcm) to the curve
2Py — 3y’X—4x+5y+7=0

2
11. Givenx® — 3axy+y® = b, f|nd d y

x4 d?y\?
12. Giveny = it x3 4 54x? + ax+ b wherea andb are constants. Finalif (d 32/) =y for all values ofx.

2.
13 If v }+c showthat Y 1+ 29V _ g
dr2 " rdr

5.2 Integration

1. Evaluate idx
coEx

2. Evaluate
b

3. Evaluate/ m

4. Evaluate/(x+3cos<)dx

5. Evaluate/(Sx—Z)(4x+3)dx

6. Evaluate/x2(5—x)4dx

7. Evaluate/(2x+ 3)3dx+/(2x—3)3dx
8. Evaluate/(ﬂJr 1)(x—v/X+1)dx

9. Evaluate/ Ve - ﬁ

Y
10. Evaluate/ (1—-X) dx
Na

dx

3
11. Evaluate/ (1)
J XX

12. A particle starts from a poir® and moves in a straight line with a velocityns™1, given byv = 25 — 6t2, wheret seconds
is the time after leavin@. Calculate

(a) the initial ¢ = 0) acceleration of the particle
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(b) the value ot when the acceleration is zero

(c) the value ot when the particle returns 10 (i.e. displacement is zero)



