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1 Indefinite Integral as Inverse of Differentiation

• Rules:

Rules Differentiation Integration

Notation f ′(x) =
d
dx

f (x)
∫

f ′(x)dx= f (x)+C

Addition Rule
d
dx

[ f (x)±g(x)] =
d
dx

f (x)± d
dx

g(x)
∫

[ f (x)±g(x)]dx=
∫

f (x)dx±
∫

g(x)dx

Constant
d
dx

k f(x) = k
d
dx

f (x)
∫

k f(x)dx= k
∫

f (x)dx

Product Rule
d
dx

[ f (x)g(x)] = f (x)
d
dx

g(x)+g(x)
d
dx

f (x)
∫

f (x)g′(x)dx= f (x)g(x)−
∫

g(x) f ′(x)dx

Quotient Rule
d
dx

[
f (x)
g(x)

]
=

g(x) d
dx f (x)− f (x) d

dxg(x)
g2(x)

—

Chain Rule
d
dx

[ f (g(x))] =
d
dg

f (g) · d
dx

g(x)
∫

f (g(x))dx=
∫

f ′(g)g′(x)dg

Parametric Function
dy
dx

=
dy
dt

/
dx
dt

—

Inverse Function
dy
dx

=
(

dx
dy

)−1

—

• Table of Differentiation:

f (x) f ′(x) f (x) f ′(x) f (x) f ′(x)

k 0 sinkx kcoskx sin−1kx
k√

1− (kx)2

x 1 coskx −ksinkx cos−1kx − k√
1− (kx)2

xn nxn−1 tankx ksec2kx tan−1kx
k

1+(kx)2

akx (k lna)akx cotkx −kcsc2kx cot−1kx − k
1+(kx)2

ekx kekx seckx kseckxtankx sec−1kx
1

x
√

(kx)2−1

ln(kx) k
x csckx −kcsckxcotkx csc−1kx − k

x
√

(kx)2−1
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Exercises

1. Find
∫

dx ∫
dx

=
∫

(1)dx

=x+C

2. Find
∫

xndx

∫
xndx

=
1

n+1

∫
(n+1)xndx

∴
∫

xndx=xn+1 +C

3. Find
∫ 1

xdx, wherex > 0

∫
dx
x

= lnx+C

4. Find
∫

e−λxdx ∫
e−λxdx

=−λe−λx +C

5. Find
∫
(
∫
(
∫
(
∫

sinxdx)dx)dx)dx ∫
(
∫

(
∫

(
∫

sinxdx)dx)dx)dx

=
∫

(
∫

(
∫

(−cosx+C1)dx)dx)dx

=
∫

(
∫

(−sinx+C1x+C2)dx)dx

=
∫

(cosx+
C1

2
x2 +C2x+C3)dx

=sinx+
C1

6
x3 +

C2

2
x2 +C3x+C4

6. Find
∫∫

· · ·
∫

︸ ︷︷ ︸
n

(1)dxdx· · ·dx︸ ︷︷ ︸
n ∫

(1)dx

=x+C

∫∫
(1)dxdx

=
∫

(x+C1)dx

=
1
2

x2 +C1x+C2
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∫∫∫
(1)dxdxdx

=
∫

(
1
2

x2 +C1x+C2)dx

=
1

2(3)
x3 +

C1

2
x2 +C2x+C3

∴
∫∫

· · ·
∫

(1)dxdx· · ·dx

=
1
n!

xn +
n−1

∑
k=0

Ck

k!
xk

2 Differentials, and Integration by Change of Variable

• Thinkof derivatives as if they are fractions
dy
dx

= dy÷dx

• Then we have:

y = f (x)

dy
dx

= f ′(x)

dy= f ′(x)dx

which we calldyas the differential ofy

• So, we can have the method of substitution for solving indefinite integrals:∫
g′(y) f ′(x)dx

=
∫

g′(y)dy

=g(y)+C

• Example: ∫
2x+3

(x2 +3x+2)6 dx
∫

2x+3
(x2 +3x+2)6 dx (suby = x2 +3x+2)

=
∫

1
(x2 +3x+2)6

d
dx

(x2 +3x+2)dx =
∫

y′

y6 dx

=
∫

1
(x2 +3x+2)6 d(x2 +3x+2) =

∫
1
y6 dy (note:dy= y′dx)

=
∫

(x2 +3x+2)−6d(x2 +3x+2) =
∫

y−6dy

=
1
−5

(x2 +3x+2)−5 +C =
1
−5

y−5 +C

=
1
−5

(x2 +3x+2)−5 +C
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• Example: Find
∫ 1

xdx wherex < 0

∫
1
x

dx (suby =−x)

=−
∫

1
y

dx

=
∫

1
y

dy (dy=−dx)

= lny+C

= ln(−x)+C

Note: Therefore, we have a formula: ∫
dx
x

= ln |x|+C

• Example again: ∫
tanxdx

∫
tanxdx

=
∫

sinx
cosx

dx =
∫

sinx
cosx

dx (suby = cosx)

=
∫ −1

cosx
d(cosx) =

∫ −1
y

dy (dy=−sinxdx)

=−
∫

d(cosx)
cosx

=−
∫

dy
y

=− ln |cosx|+C =− ln |y|+C

= ln |secx|+C = ln

∣∣∣∣1y
∣∣∣∣+C

= ln

∣∣∣∣ 1
cosx

∣∣∣∣+C

= ln |secx|+C

Exercises

1. Find
∫

cotxdx

∫
cotxdx=

∫
cosx
sinx

dx

=
∫

1
sinx

d(sinx)

= ln |sinx|+C

2. Find
∫

secxdx(Hint: Substituteu = secx+ tanx)

∫
secxdx

=
∫

secx(secx+ tanx)
secx+ tanx

dx=
∫

sec2x+secxtanx
secx+ tanx

dx

du=(secxtanx+sec2x)dx

∴
∫

secxdx=
∫

d(secx+ tanx)
secx+ tanx

=
∫

du
u

= ln |u|+C

= ln |secx+ tanx|+C
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3. Find
∫

cscxdx(Hint: Substituteu = cscx−cotx)

∫
cscxdx

=
∫

cscx(cscx−cotx)
cscx−cotx

dx

=
∫

csc2x−cscxcotx
cscx−cotx

dx

du=−cscxcotx+csc2x

∴
∫

cscxdx=
∫

d(cscx−cotx)
cscx−cotx

=
∫

du
u

= ln |u|+C

= ln |cscx−cotx|+C

4. Find
∫

x2exp(x3)dx

∫
x2e(x3)dx

=
1
3

∫
e(x3)d(x3)

=
1
3

e(x3) +C

3 Substitution of Trigonometric Functions

• Useful identites of trigonometry:

sin2x+cos2x = 1 sinx =
√

1−cos2x cosx =
√

1−sin2x

sec2x− tan2x = 1 secx =
√

1+ tan2x tanx =
√

sec2x−1

csc2x−cot2x = 1 cscx =
√

1+cot2x cotx =
√

csc2x−1

• Trigonometric laws:

sin(A+B) = sinAcosB+cosAsinB sin2A = 2sinAcosB

sin(A−B) = sinAcosB−cosAsinB cos2A = cos2A−sin2A

cos(A+B) = cosAcosB+sinAsinB = 1−2sin2A

cos(A−B) = cosAcosB−sinAsinB = 2cos2A−1

tan(A+B) =
tanA+ tanB

1− tanAtanB
tan2A =

2tanA
1− tan2A

tan(A−B) =
tanA− tanB

1+ tanAtanB

sin2x =
1−cos2x

2
sin

x
2

=±
√

1−cosx
2

sinx =
2t

1+ t2

cos2x =
1+cos2x

2
cos

x
2

=±
√

1+cosx
2

cosx =
1− t2

1+ t2

tan2x =
1−cos2x
1+cos2x

tan
x
2

=±
√

1−cosx
1+cosx

tanx =
2t

1− t2

=
sinx

1+cosx
(t = tan

x
2
)

=
cosx

1+sinx
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• Sum-to-product formulae:

sinx+siny = 2sin
x+y

2
cos

x−y
2

sinxsiny =−1
2

[cos(x+y)−cos(x−y)]

sinx−siny = 2cos
x+y

2
sin

x−y
2

cosxcosy =
1
2

[cos(x+y)+cos(x−y)]

cosx+cosy = 2cos
x+y

2
cos

x−y
2

sinxcosy =
1
2

[sin(x+y)+sin(x−y)]

cosx−cosy =−2sin
x+y

2
sin

x−y
2

cosxsiny =
1
2

[sin(x+y)−sin(x−y)]

• Substitution using trigonometric functions: (Example)∫ √
1−x2dx (subx = cost)

=
∫

sintd(cost)

=−
∫

sin2 tdt

=−
∫

1−cos2t
2

dt

=− 1
2

t +
1
2

∫
cos(2t)

d(2t)
2

=− t
2

+
1
4

sin(2t)+C

=− t
2

+
2sint cost

4
+C

=− 1
2

cos−1x+
1
2

x
√

1−x2 +C

=
1
2

(
x
√

1−x2−cos−1x
)

+C

• Another example:

∫
dx√

x2 +4
(subx = 2tant)

=
∫

d(2tant)√
4tan2 t +4

=
∫

2sec2 tdt
2sect

=
∫

sectdt

= ln |sect + tant|+C

= ln

∣∣∣∣∣∣
√(

2tant
2

)2

+1+
2tant

2

∣∣∣∣∣∣+C

= ln

∣∣∣∣∣
√

x2

4
+1+

x
2

∣∣∣∣∣+C

= ln
∣∣∣x+

√
x2 +4

∣∣∣− ln2+C

= ln
∣∣∣x+

√
x2 +4

∣∣∣+C′

• Summary:

1. When you see
√

a2−x2, usex = asint or x = acost

2. When you see
√

a2 +x2, usex = atant or x = acott

3. When you see
√

x2−a2, usex = asect or x = acsct
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Exercises

1. Find
∫

dx√
a2−x2

∫
dx√

a2−x2

=
∫

acostdt√
a2−a2sin2 t

(subx = asint)

=
∫

dt

=t +C

=sin−1
(x

a

)
+C

2. Find
∫

dx√
x2−a2

∫
dx√

x2−a2

=
∫

asect tantdt√
a2sec2 t−a2

(subx = asect)

=
∫

sectdt

= ln |sect + tant|+C

= ln

∣∣∣∣∣xa +

√
x2

a2 −1

∣∣∣∣∣+C

= ln
∣∣∣x+

√
x2−a2

∣∣∣− ln |a|+C

= ln
∣∣∣x+

√
x2−a2

∣∣∣+C′

3. Find
∫

dx√
a2 +x2

∫
dx√

a2 +x2

=
∫

asec2 tdt√
a2 +a2 tan2 t

(subx = atant)

=
∫

sectdt

= ln |sect + tant|+C

= ln

∣∣∣∣∣
√

x2

a2 +1+
x
a

∣∣∣∣∣+C

= ln
∣∣∣x+

√
x2 +a2

∣∣∣− ln |a|+C

= ln
∣∣∣x+

√
x2 +a2

∣∣∣C′

4. Find
∫ √

a2−x2dx
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∫ √
a2−x2dx

=
∫

acost
√

a2−a2sin2 tdt (subx = asint)

=a2
∫

cos2 tdt

=a2
∫

1+cos2t
2

dt

=
a2

2

[
t +
∫

cos2tdt

]
=

a2t
2

+
a2

4

∫
cos2td(2t) (or suby = 2t)

=
a2t
2

+
a2

4
sin2t +C

=
a2

2

[
sin−1

(x
a

)
+

x
a

√
1− x2

a2

]
+C

=
a2

2

[
sin−1

(x
a

)
+

x
a2

√
a2−x2

]
+C

=
a2

2
sin−1

(x
a

)
+

x
2

√
a2−x2 +C

5. Find
∫ √

x2−a2dx (Cannot complete without further knowledge of integration)

6. Find
∫ √

a2 +x2dx (Cannot complete without further knowledge of integration)

7. Find
∫

1√
1+x+x2

dx

∫
1√

1+x+x2
dx

=
∫

dx√(
x+ 1

2

)2 +
(√

3
2

)2

=
∫ d(x+ 1

2)√(
x+ 1

2

)2 +
(√

3
2

)2

= ln

∣∣∣∣∣∣∣(x+
1
2
)+

√√√√(x+
1
2

)2

+

(√
3

2

)2
∣∣∣∣∣∣∣+C

= ln

∣∣∣∣x+
1
2

+
√

x2 +x+1

∣∣∣∣+C

4 Bring-Home Exercises

1.
∫

dx
x(1+ lnx)2

2.
∫

esinx cosxdx

3.
∫

dx
xlnx

4.
∫

(ex +1)2dx

5.
∫

dx

x2
√

x2 +a2

6.
∫

dx

x4
√

2+x2
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7.
∫ √

x2−a2

x4 dx

8.
∫

dx

(x2 +2x+3)3/2

9.
∫

dx

x
√

8x2 +2x−1


