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1 Indefinite Integral as Inverse of Differentiation

e Rules:
Rules Differentiation Integration
Notation £(x) = %f(x) /f’(x)dx: f(x)+C
o d d d :
Addition Rule &[f(x)ig(x)] = &f(x)i&g(x) /[f(x)ig(x)]dx:/ f(x)dxi/g(x)dx
d d
Constant SKE =k 1(x) / Kf(x)dx=k / f(x)dx

Product Rule &[f(x)g(x)} = f(x)%(g(x) +g(x)dixf(x) /f(x)g’(x)dx: f(x)g(x) —/g(x)f/(x)dx
d {f(X)} 900 g5 F (%) — F (%) §x9(x)

Quotient Rule

dx [ g(x) g2(x)
_ d d d N
Chain Rule ax @) = @f(g)'&g(w / f(g(x))dx= / f'(9)g (x)dg
. . dy dy /dx
Parametric Function ax— ai/ at
-1
Inverse Function @ = d—x —
dx dy
e Table of Differentiation:
f(x) f'(x) f(x) f'(x) f(x) f'(x)
k 0 sinkx kcoskx sin1kx K
1— (kx)?
X 1 coskx —ksinkx cos kx| — K
1— (kx)2
k
n -1 —1
X nx tankx kse@kx tan 1 kx 7 (ka2
k
kx kx _ 1 _
a (kina)a* || cotkx kcs@kx cot tkx 7 (ka2
gkx ke sedkx | ksedkxtankx || seclkx !
X/ (kx)2 —1
In(kx) K csckx | —kesckxcotkx || csctkx | — K
Xy/(kx)2 -1
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Exercises
1. Find [ dx
/dx
z/‘(l)dx
x4C
2. Find [ x"dx

/x“dx
_ 1 n
—m/(n+1)x dx

3. Find [ 2dx wherex >0

dx

X
=Inx+C

4. Find [ e dx

/ e Mdx

——AeM4C

5. Find [(J(J(J sinxdx)dx)dx)dx
(/(/(/sinxdx)dx)dx)dx

(/(/(—costrcl)dx)dx)dx

(/(—SinX+C1X+C2)dX)dx

. C C
=sinx-+ Elx3 + ?2)(2 +Cax+Cy

6. Find//-../(l)dxdx...dx
h,_/
N—— n
n

/(1)dx

=x+C

/‘/.(1)dxdx

:/(XJrCl)dX
1

:EXZ +Cix+Cy
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///(1)dxdxdx

:/(%XZ+C1X+C2)dx

!
23

//---/(1)dxdx--~dx

1 N n-1 Cx K
:EX + HX
k=0

X+ %X2+C2X+C3

2 Differentials, and Integration by Change of Variable

e Thinkof derivatives as if they are fractions

dy )
ax dy-dx
e Then we have:
y="F(x)

ax ™
dy=f'(x)dx

which we calldy as the differential of

e S0, we can have the method of substitution for solving indefinite integrals:

—/d@hy
=g(y)+C
e Example:
/ [ /m X (suby = X +3x+2)
B 1 d » Iy
*/m&(x +3x+2)dx 0%
' 1
:/md(x2+3x+2) :/ﬁdy (note:dy=ydx)
5ﬂ%+w+aﬁm%+w+a :/y%y
=i(x2+3x+2)*5+c :iy75+c
_5 _5
— L ¢+3xt2)5+C
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e Example: Find/ 1dxwherex < 0

1
/;dx (suby = —x)
:f/idx
y
1
~ [y (dy=—d¥
Jy
=Ilny+C
=In(—x)+C
Note: Therefore, we have a formula:
dx
/— =In|x|+C
X
e Example again:
/ tanxdx / tanxdx
= ﬂdx = %dx (suby = cosx)
COSX COSX
= (_)—1d(c09() = _71dy (dy= —sinxdx)
_ / d(cosy) __ / dy
N cosx B y
=—In|cosx|+C =—Inly|+C
1
=In|sex|+C =In y’+C
=In |+C
COSX
=In|sex|+C
Exercises
1. Find [ cotxdx
/cotxdx:/C(.)—S(dx
sinx
1 .
_/md(smx)
=In|sinx|+C

2. Find [ secxdx (Hint: Substituteu = secx+ tanx)

/ sexdx

B / sex(sex+ tanx)
N sex+ tanx

du=(sectanx + seéx)dx

d(secx+tanx)
/ sexdx= / —_—— = /
secx+ tanx

=Inju/+C

=In|sex+tanx|+C

/ se@x+ secxtanx
sex+ tanx

du
u
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3. Find [ csexdx (Hint: Substituteu = csex — cotx)

/cscxdx

_ / cscx(csex — cotx) dx
CSCX — COtX
/csc?x CSCXCOX |
CSCX — COtX
du=— cscxcotx+ cséx
d(cscx — cotx) du
/ csexdx= / _— = —
CSCX — COtX u
=Inju/+C

=In|csex—cotx| +C

4. Find [ x?exp(x3)dx
/ x2e)dx

TA
3

203
3e +C

3 Substitution of Trigonometric Functions

e Useful identites of trigonometry:

siPx+cogx =1 sinx =v/1— co®x cosx =1/1— siréx
seéx—tarfx =1 sex =v/1+tartx tanx =v/se@x— 1
cséx—cotx=1 csox =1/1+ cox cotx =v/cs@x— 1

e Trigonometric laws:

sin(A+ B) = sinAcosB + cosAsinB sin2A = 2sinAcosB
sin(A— B) = sinAcosB — cosAsinB cos A = coSA—siA
co§A+ B) = cosAcosB + sinAsinB =1-2sirfA
cogA— B) = cosAcosB — sinAsinB =2cogA-1
tanA -+tanB 2tanA
tanA+B) = —tanAtanB tanA = 1—tarfA
tanA— tanB
A-B)=—"-—
tan( ) 1+ tanAtanB
sirx— L= COSX sinX = 4 /1280 sinx =
2 2 1412
cody— LHC0sX cos” — 1+cosx oS — 1-t?
2 2 S 1412
1-cosx X /1—cosx 2t
r'? p— =
fa 1+cosX tan2 1+ cosx tanx 1-t2
sinx
1+ cosx ( )
COSX

- 14 sinx
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e Sum-to-product formulae:

sinx+siny = Zsin% cos%/
sinx—siny = 2 cos%/ sin%’
COSX+cosy =2 cos%/ cos%/
COSX—cosy = —2 sin%’ sin%

e Substitution using trigonometric functions: (Example)

/\/ﬁdx
:/sintd(cost)
=— / sirftdt

:_/1—coszdt

2

t 1.
—f§+zsm(2t)+c

ot n 2sint cost
2 4
1 1

=— éco.'s*1x+ Exx/l—x2+C

1 (x\/ 1-x2— cosflx) +C

"2

+C

e Another example:

dx

V214
B d(2tant)
) VataRt+4
[ 2seétdt
) 2sed

= / seddt

=In|sed +tant| +C

2

X2 X
=Inj\/—+1+=
Va3
=In|x+ \/x2+4‘—ln2+c
=In|x+ \/x2+4’+C’

2

+C

e Summary:

1. When you sea/aZ — x2, usex = asint or x = acost
2. When you sea/a? + x2, usex = atant or x = acott
3. When you se&/x? — a2, usex = ased or x = acsd

2tant \ 2tant
—In () +1+2=—|+C

sinxsiny = —% [cogx+Y) —cogx—VY)]
COSXCOSy = % [cogx+Y) +cogx—y)]
sinxcosy = % [sin(x+Y) + sin(x—y)]

cosxsiny = % [sin(x+y) —sin(x—y)]

(subx = cogt)

(subx = 2tant)
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Exercises

dx
1. Find/i
VaZ —x2

dx

] Vaz—x

:/ acoddt (subx = asint)

=t+C
a1 (X
=sin (a) +C
dx
2 Find/i
VX2 _a2
/ dx
V2 _a2
ased tantdt

= /seotdt

=In|sed +tant| +C

X X2
=In -+ 7—1
a a

=In|x+ \/xz—az‘ —Injaj+C
=In|x+ \/xz—az‘ +C'

+C

dx
3. Find/i
vaZ+x2

dx
| ae
B asectdt
_/¢¥I¥ﬁﬁ

:/seddt

=In|sed +tant|+C

(subx = atant)

X2
2t

=In|x+ \/x2+a2‘ —Inja]+C
=In|x+ \/x2+a2‘c’

—In 1+ % +c
a

4. Find / Va2 — x2dx
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/\/az—x2dx
:/acost\/ a2 — a2sirftdt
:aZ/cosztdt

1
:az/ +C052dt
2

2
¥ {t+/cosﬁdt}

2

a’t a s
_7+Z./ cos2d(2t)

a’t a .
—7+ZSInZ+C

2 2
@ et (XL X X
= sin (a)+a 1 5 +C

2
& a1 (XY L X 22
_z{sm (>+a2 a x}+C

2
:%sin‘l(f)Jr)fz(\/az—szrC

5. Find / VX2 — a2dx (Cannot complete without further knowledge of integration)

6. Find / v/ a2 +x2dx (Cannot complete without further knowledge of integration)

1
7. Find/idx
V14+x+x2

1
— d
/\/1+x+x2 X
B dx
2
o 02 ()
_ d(x+3)
2
S (2)
2
B 1 1\* (V3
=In (x+2)+$ <x+2> +<2> +C
=In x+;+\/x2+x+1’+c
4 Bring-Home Exercises
: dx
1. / TR 4. /(e?‘+1)2dx
: dx
2. /es'”xcosxdx 5. /m

3 dx 6/ dx
'/xlnx “ ] 2@

(subx = asint)

(or suby = 2t)
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2 _ a2 dx
x4 XV 8x2+2x—1

8 / dx
“J (@+2x+3)3/2



