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Formulas for Integration
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1 Integration by Part

e This is the product rule:

210900 = 100 30+ 009 51
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/U\/dx: uvf/vddx
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which has the form:

or we memorize this as:
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e Example of use:

Examples

1. Evaluate/ x3Inxdx

2. Evaluate x?€*dx
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3. Evaluatef dx

=XInx—x+C

/xalnxdx
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Exercise

1. Evaluate/ seéxdx

/ seCxdx= / secxd(tanx)
= sextanx— / .tanxd(seo<)
= sexxtanx— / tar? xsecxdx
= sexxtanx — /(se@x— 1) secxdx
= secxtanxf/(se@xfseoodx
— sextanx — / seCxdx+ / sexdx
= seo<tanx—/sec°’xdx+ln\seo<+tanx\ +C
= 2/se(,3xdx: secxtanx+ In | secx+ tanx| +C

1 1
/se@xdx: > secxtanx+ > In|secx+ tanx| +C'

2. Evaluate/ sin~* Xdx

X X X
/sm 1 Zdx=xsin 1——/xd(sm 12
a a a

:xsin’lf—}/#dx
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:xsinflf—}/ 1 d(1-x/@)
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3. Evaluate/ x?sin xdx

/xzsin xdx= —% /xzd(cos&)

= —%XZCOSZ(—I-%/COSZ(d(XZ)

= —%X20052(+%/C032((2X)dx

d(sin)
2

1 1 . 1 .
= —§x20052<+ éxsm2x— E/sm2><dx

1, 1 . 1/ .
=—5X cosZ<+§xsm2x—Z/sm2<d(2x)

1
= —§x20032<+/x

1 1 . 1
= —=X%Cos X+ =xsinX+ = cos X+C

2 2 4
1 1
== (1-2) cosX+ -xsinx+C
2 ( ) +5 +

4. Evaluate[ e cog 3xdx

/ezxco§3xdx: %/co@Sxd(ezx)
= %ezxco§3x— %/ezxd(cos%x)
= %ezxcosz3x— /ezxcosEx(—sin:%()(3)dx
- %ezxco§3x+3/ezxcos§)(sin3<dx
= %ezxco§3x+g/ezxcos6<dx
= %ezxcosz3x+§f/0056<d(e2x)
1 3, 3
= Eez"c0523x+ Zez cos 6 — Zr/ez"d(cosﬁ()
= %ezxcosz3x+ Zezxcosfwr g /ezxsin&dx
- %ezxco§3x+ Zezxcos6<+g/sin6xd(e2x)
1 3, 9, 9 .
- éez"co§3x+ Zez cos &+ Zez sinéx— /ez"d(sm&)
= %ezxcosz3x+ ZQZXCOS&-‘F %ezxsin&— 277/e2xc056<dx
/ezxcosz3xdx: %ezxco§3x+g/e2"cos6<dx
= %ezxcos’-3x+ ZeZXCOSG(-‘r %ezxsinﬁx— %7 /.ezxcos&dx
g/ezxcos&dx: ZGZXCOS&+ %ezxsin&fg/ezxcos&dx
15/e2xcos6<dx: ZGZXCOS&+§GZXSin6(
1 3
y 1 3 e
/e2 cos &dx= 20e2x0056<+ 20e2X5|n6x
/ezxco§3xdx: }ezxco§3x+§ iez"cos6<+ 3ez"sin6<
2 2\ 20 20
= }ezxc0523x+ iezxcos(S(Jr gez’(sin&
2 40 40
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5. Evaluate[ v/x2 — a2dx

/‘ VX2 —a2dx= /asedtant a’sec@t — a2dt (subx = ased)
= az/secttar?tdt
= az/tantd(sect)

— a’sed tant — az/sead(tant)

= a®sedtant — az/seétdt

2

2
a a
— a’sed tant — > sedtant — > In|sed + tant| +C’ (use result of #1)
a® a?
:?sedtantfiln|sed+tant\+c
1 a’  |x x2
=-xXvVx¢—-az2— —In|= ——-1/+C
2 > MatVa *

1 a2
= Ex\/xz—az— EIn ’x+ \/xz—az) +C

6. Evaluate[ va2 + x?dx

/ vV a2+ x2dx = /ase@t Vv a2taret 4+ a2dt (subx = atant)

= az/sec?tdt
a? a?
== sed tant + > In|sed +tant|+C (use result of #1)

X2 X
SH1+=
a a

1 a?
= éx x2+a2+zln‘\/x2+a2+x’+c’

1 a?
=xvVxX2+a2+ —In C
5 e+ +

2 Partial Fractions, and Integration of Rational Funtions

2.1 Partial fractions

o Partial fractions:
1 1/4 -3/4

—2x—1 x—1 @ 3x+1

e In general, a fraction whose numerator and denominator are both polynomial with real coefficients can be expressed as
series of similar fractions, the fractional terms of the series is either degree 0, 1, or 2
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e How to do? As follows:

1 1
M —2x—1  (x—1)(3x+1)
_ A, B
T x—1 3x+1
1=A(3x+1) +B(x—1)
1=A—-B
1= (3A+B)x+ (A—B)
3A+B=0
3A=-B
1
A=1
3
B="2

(for some unknowns, B)

(multiply each side by & — 2x— 1)

(whenx=0)

(properties of identity)

(asA-B=1)

1. Factorize the denominator of the polynomial fraction into products of degree 1 of 2 polynomials

2. Each factor of the denominator become the denominator of a separate a fraction. If there are factors raised to highe

powers, each power is a denominator

3. Numerators are unknown polynomials of a lower degree, to be solved by various method

4. Sum of them should be identical to the original polynomial fraction

— One of the best way to solve for (numerators of) partial fractiotisesnethod of undetermined coefficients

Exercises

2

. . Xc+x+1
1. Express as partial fractions fegi
Xp part ! X3 —4x2 +x+6

X2+ x+1 X2 +x+1

¥ +Xx+6  (x+1)(x—2)(x—3)

A B

C

+

= +
Xx+1 x—2 x-—3
X2 4x4+1=A(X—2)(x—3) +B(x+1)(x—3) +C(x+ 1) (x— 2)

1= A(-3)(—4)
A=1/12
7-B(3)(-1)
B=-7/3
13=C(4)(1)
C=13/4
¥4x+1  1/12 —7/3  13/4
XB—4x24+x+6 x+1 x—2 x-3
1 7

12x+1) 3(x—2)

"7

(factorize)
(subx = —1)
(subx = 2)
(subx = 3)
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2
2. Express as patrtial fractions f n 1)X(X_ 1)
X2 A B C D

MIDX=1°  x+1 x—1 (x=12 " (x=1)

X% = A(x—1)3 4+ B(x+1)(x— 1)> +C(x+1)(x— 1) + D(x+1)

5 T

1=2D (subx=1)
D=1/2
1=-8A (subx = -1)
A=-1/8
2x=3A(x—1)2 4 B[(x— 1)2 4 2(x+ 1)(x— 1)] + 2Cx+ D (differentiate)
2:2C+% (subx=1)
3
=3
-3 1
O_?+B[1—2]+§ (subx = 0)
1
B>
8
X ot . 3 1
(x+1)(x—1)3  8(x+1) 8(x—1) 4(x—1)2 2(x—1)3
3. Express as partial fractions for 3¢~ 220
- BXP P B2 +3)(22—6x15)
33— 2x— 20 _Ax+B Cx+D (no further factors)

(X2+3)(2x2 —6x+5)  X2+3 22 —6x+5
3% — 2x— 20 = (Ax+B)(2x® — 6x+5) + (Cx+ D) (x*+3)

~20=5B+3D (subx = 0)
3=2A+C (coeff.x%)
0=2B—6A+D

_2-5A-6B+3C
o 5 o0 3 [a] [-20
2 0 1 0|B 3
6 2 0 1|c| | o
5 -6 3 0 |D] |-2

1Ty

B 2
cl | s

D] |-10]

3 —2x—10 —X+2 5x—10

(X2+3)(2x2—6x+5) x2+3 T % _ex+5
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2.2 Integration using Partial Fractions

e Integration of / A dx can be solved by substituting= Ax+ B

/ 1 [d(AX+B)
AX+B A Ax+ B

:fInAx B|+C
= In|Ax-+ B[ +

e Integration of “constant over quadratic”: Competing square!

— Example:

SV
X+2x—3"" ) (x+1)2-22

" 2sed tantdt
2(se@t—1)
_ [sed
~J tant

= /csddt

=In|csa —cott|+C

x+1 B 2
\/x+l -2 J/(x+1)2-2

+C

=IN|———=|+C
‘ VX2 4+2x—3 ‘
e Integration of “linear over quadratic”: Break into two!
— Example:

/ 4x+5 dx:/2(2X+2)+1dx

X2 4+2x—3 X2 4+2x—3

o X2 42x—3 X2 42x—3

(subx+ 1= 2sed)

d(x2+2x—3) [
=2
/ X2 4+2x—3 +/x2+2x—3dx
X_
=2In|x®+2x—3|+In ’+c
| | VX2 +2x—3

e Other kinds of fractions: Partial fractions!
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e Example:

/x5+x31 y
X2(x2+1)2

/<2<x2XS+1>2 <x2xil> X2(x2 >>
:/ +/ /x2+1

./c@flﬁdx/‘Zild /(%+4J

1 1 1
=ZIn|x¥+1+=-——+C
2 | +|+2 i1t

dx

/ X dx= L1 +
(x@+1)277 2 x+1

[swime = [ [ | o
X2(x2 4 1)2 X2 X2—|—1
1 (X +1)—x2
=i e [T o
1 1 1 x2
=—-— [ “~—dx— | ——d — 2 __d
/x2+1 X / X2 +1 X+/ (x2+1)2 X

X
——}—2/ dx+——/xd
X X2 +1 X+1

1
== _2tan1x—
X

2 2+1 2/x2+1

——}—Ztan x—1 X +}ta Ix+C
X 2x2+1 " 2 3

5.1 1 1 1 1 1 13 1
/liigim:—mVﬁﬂkkﬂ;‘*+Cf““f‘*+g+i+7wnX+7

Exercises

X4x+1

1. Evaluate| —————
/x3—4x2+x+6

X4 x+1
/x3—4x2+x+6
7 [ dx 13 dx

12 x+1 3 x—2" 4/ x=3

13
1—2In|x+1|—§In|x—2|+zln|x—3|+c

1

(x+1)(x—3)%
=N am

x—2% |T¢

:/<1a;+n_3uizy+qu$>dx

(see above!)
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2
X
2. Evaluate/ mdx

x2 1 1 3 1
/(x+l)(x—1)3dx:/(_8(x+l)+8(x—1)+4(x 1) o= 1)3 >dx

1 dx +l dx +3 g /

T 8) x+1 8/ x-1"4 2 1)3
3 1

_——In|x+1|+fln|x 1 — 151" 4 (x—l) +C

_1In Xx—1 n 2—3x iC

8 |x+1| 4(x—1)2

33 —2x— 20
3. Evaluat d
valuatef (3 > —6x 5 ¥

/ 3x3—2x—20 dx—/ —x+2 =10 1\ o
(X2 +3) (22 —6x+5) X2+3  2x2 6x+5

5x—10
/ 2+3d +/ 2+3d +/2x 6x+5dx

/ / 5 Ix—6 dx—§/ 2 dx
2 2+3 T2) 2¢_6x+5 4] 2x2 —6x+5
:—fln\x +3y+2( ) —In]2x2 6x+5| - 4/%
2
:—7In|x2+3|+ ( > —In]2x2 6x+ 5| — (1}2t 1X1/32/ )+C
1
:—fln\x +3]+2<3 ) fln]2x2 6x+5]—7(2tan (2x—3))+C
1 |(2®—6x+5)° 2 1 X 5.
:—ni Sl 2 an(2x-3)+C
e LR L BELUACEC R

3 Bring-home Practices

(3x—1)
' / X249 dx

(=Y

X
2 /\/27+6x—x2dx
X
3. /(x+1)(x+3)(x+5)dx

5_
" /Xfﬂdx
X

3

5. /seéxdx
6. /tan's'xdx

7 /L
XvVXx2+3

o [
V34 2x—x2
/eaxsinbxdx
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