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1 Find area using integration

e Given the curvgy = f(x) in Cartesian coordinates, the area under the curve frenato x = b is given by
b
A= / f(x)dx
Ja

e Given the curve = f(0) in polar coordinates, the area bounded by the curve and thal rectorsé = aandf8 =b is

given by
A= }/brzde
=3/,

Actually, polar coordinate and Cartesian coordinate caimteechanged:

r2=x2+y? X = rcosf

0 =tan

1Y o
x y=rsin@

Example: Find the area of circle with radiug Cartesian coordinate

Equation:x? +y? =r?
Vo122
r
A=2 [ /r2—xadx
—r

= (subx = rsint)
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e Example: Find the area of circle with radiug Polar coordinate

1 2712
Afi/o r2d0

=7
e Example: Find/S’ e dx
/ e X dx
0
= /e*xzdx-/ e Ydy
0 0
00 » 00 2 2 — 2
:\// / e (0¢+y*)dxdy Xty
o Jo dxdy = 31d(r?)de
0 TT/2
= / / e"’rd@dr (integration of first quadrant)
o Jo

0 ,TT/2
= / / dfe"*rdr
o Jo
— E ® —r2
1/ 2/0 re-"“dr

T
=\/—= [ e"dr?
i)

2 Find limit using L'Hopital’'s Rule
e Limit means the value of a function as the variable approsehealue

— Example: Asxtendsto 1f(x) =x+ 1tendsto 2, i.e. Ii{’n‘ (x)=2
X—

— Example:

X —Ax+4 L (x=2)2
lim X=X i (x=2) =lim(x—2)=0
x—=2 X—2 x—2 X—2 X—2

e We usually interested at the limit towares —co, and O

X242
lim =00
X—00 X
X+1
im — =1
X——00 X+2
x+1
| - — o0
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e Sometimes, we cannot find the limit so easily, so we have th&dital's rule:

this is applicable when the direct substitution have thestewininate formsg, o 0- 00, 00 — 0o, 00, 00, 1

e Example:
. oox=1
im —— =
x—1y/x%2—1
0
1
=0
e Example:
lim tanx
x—otan3x
e Example:
lim tanxinx =
X—
e Example:
sinx
im — =
x—0 X
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3 \Verify Series Convergence by Integration

e Given the monotonically decreasing functibfx), the infinite series,g f(x) is bounded (i.e. not infinitely large), if and

x=k
only if [* f(x)dx also bounded (evaluate only the upper limit)

e Example:
1 > L -, decreasin
X x+1 . g
°1
/ =dx=[Inx*
X
—|lnoo
= 00
> 1 . . . .
z T - i.e. diverging series
x:lx
e Example:
1 > 1 *. decreasin
X2 " (x+1)2 h g
® 1 -11°
| et [—]
=0
< 00
5 L < o0 i.e. convergin
2. €. ging
0 n2

E le: Check for th —
e Example: Check for econvergencergflr13+1

/oo X2 dx— /.oo d(X3)
x3+1 J 303+41)

= 00

oo n2
n; 1 o (diverging)

e Example: Check for the convergenceif

1
=tV n2+9
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4  Approximation using Differentials

Differential:

dy = f(x)dx
e Hence we can approximate the derivatiorydsy

f(x+AX) =y+ Ay
~ f(x)+ f'(x)Ax

This is the basis for “small perturbation analysis” and whe/meed to study linear systems in detail

Example: Find gyoodapproximate of/4.1 without using calculator

d 1
V" 2%
1

VA+0lmVa+ —
2V/4

1
=2+4(0.)

(0.1)

=2.025
Actually, V4.1 =2.02484567..

e Example: Find a good approximate 47 without using calculator

e Example: Find a good approximate t
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5 Using integration to solve differential equations

¢ Differential equations is the equation involving derivas of functions

e Example:

d 2
f(x)+&f(x)_x +2x

e Solving differential equation means finding out the funetifor example, the solution for the above equatiofi(is) = x2.

e The easiest form of differential equation is the separafpleton, namely, we can write the equation in the form:

o) g = 19

which can be solved by:

. dy ¥
e Example: Solve for X1
dy ¥
dx  1+4+x2
1 1
1 1
/?dyi/l—kxzdx
1
—>~ =tan x+C
y
B -1
Y=t ixic

e Example: Solvey for dy = , giveny =1 whenx =0

V1-y?
dx  V1-x
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e Example: A stationary particle of massfall under gravity. When it has velocity, it experiences a resistance force
f(v) = —2v. Express displacemestn terms of timet.

6 Maclaurin Series and Taylor Series

e Maclaurin Series is to expreasy function f (x) as the infinite power series:

f(x) = 3 X—kf<k>(o>
X
2 n

3
- f(O)+xf’(0)+%f”(0)+%f’”(0)+...+%f<n>(o)+...

e Taylor Series is a generalization of Maclaurin Series:

F(x) = £k
=3 FE @
2 3 n
- f(a)+(xfa)f’(0)+@f”(a)+%f’”(a)erwL (X;!a) £ ) 4.

so we usually call Maclaurin series as Taylor series.

e With Taylor series, everything can be expressed as polyalomi
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e Example: Express* as Taylor series

e Example: Express sias Taylor series

e Example: Express casas Taylor series

e Example: Expres§i—l as Taylor series



