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1 Vector-valued Functions

e Summary from Tutorial 1:

e Let’s think of simply 3D Cartesian coordinates (R?) in this course:

e Differentiation of vector:

Scalar-valued function :

)-valued function:

V(1) = [2(t), vy (1), v2(1)]

— But be careful that: Vector minus another vector is a (

and magnitude

), hence the derivative has also direction

— Physical meaning of vector derivative: Rate of change of a vector, i.e. magnitude and direction

e Properties of vector differentiation: (just remember this)

Scalar Differentiation

Chain rules

dt

Vector Differentiation
Constant multiplication Lev(t) = cdv(t) Lef(z) = f(z)
Addition A lu(t) + v(t)) = WO 4 [ f(x) + g(a)] = L&) 4 doo)
Llu() - v(o)] = u(r) - T+ L L (@)g(@)] = f(o) 42 + LD g(x)

— and hence we have

Llu(t) x v(t)] = u(t) x T 4 28 v ()
[u(t) - v(t) x w(B)] = S v(t) x w(t) +u(t) - L < wi(t) +u(t) - v(t) x L5




2 USE OF VECTOR DERIVATIVE: CURVES & TANGENTS

[2 cos(t), 2sin(t), t] ——

Figure 1: Circular helix

e Because we are in 3D, we may using this notation to express the derivative components:

v'(t)

2 Use of Vector Derivative:

[02(2), vy (£), 0= (1))

(03 + o, (1] + o (1)

dt

— Uy

dt

Curves & Tangents

e Using vector to replace parametric notation to represent a curve:

r(t)

— Example: Circular helix, r(t)

[2(8), y (1), 2()] = 2(D)i + y(£)j + 2(Hk

[acos(t), asin(t), ct]. Figure 1is [2cos(t), 2sin(t), t].

— Example: Straight line, s(t) =a+tb

e Question: How to find the tangent to the helix r(t) at point (“2—‘/g

— Answer: Let the tangent be s(t), then it has the form

s(t)

where b is some vector parallel to the tangent

— Since tangent is defined as the (
tangent can be written as:

hence we have: =

s(t)
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3 USE OF VECTOR DERIVATIVE: LENGTH OF CURVE

e Conclusion:
Curve r(t) will have its tangent at the point r(7) in the form s(t) = r(7) + tx'(7)

— If you like, you can find the unit tangent vector, u = er)\r/(T)

3 Use of Vector Derivative: Length of Curve

e Remember: Tangent is the limit of chord

Hence, magnitude of tangent is related to the limiting chord length, i.e. curve length

Actually, we can have the following formula:

b
¢ = / | |dt = Curve length from the point r(a) to r(b)
b
= / V! (t) - (t)dt

Example: r(t) = acos(t)i + asin(t)j + ctk, find the curve length from (a,0,0) to (a,0,27c)

1. We want to represent the points in ¢,

acos(t) = a
asin(t) = 0 = t=
c¢ = 0
acos(t) = a
asin(t) = 0 = t=
ct = 2me
2. The derivative of r(¢):
r'(t) =

3. So, the curve length is:



