ERG2011A Ultimate Tutorial: Whole Semester in a Nutshell

Prepared by Adrian Sai-wah TAM (swtam3@ie.cuhk.edu.hk)

6th December 2004

1 Summary of Course
You have learnt:

e Vector operation

e Vector differentiation (grad, div, curl)

e Vector integration (Green’s, Stroke’s, GDT)

e Differential equation (homogeneous, non-homo., higher-order)
e Laplace transform

e Fourier series, and some transform

2 Vectors in a Nutshell

2.1 Vector operation

e Vector in ordered triple notation: ¥ = [z1, Z3, 23]

e Vector dot product: Z- ¢ = |Z||y] cos§ = z1y1 + T2y2 + 3Y3

i j k
e Vector cross product: axb=| a, a, a,
by by b,

ay Gy a,
e Vector triple product: a- (b xc)=| b, b, b,
Co Cy Cp

2.2 Vector differentiation

e 3D vector function: v(t) = [v1(t), v2(t), vs3(t)]

e Comparing vector differentiation and scalar differentation:
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Vector Differentiation

Scalar Differentiation ‘

d d d d
4= iidtg;t) G) s Cci'ﬁf”%fsx) )
u v _df(x g(x
0=y U=
v u B g(x x
Sty vo) = u(n)- N+ B vty | pag)] = 1) D+ T )
D () < v() = u) x 0 MO
td —— dd(t) dt - dv(t) dw(t)
u v w
%[u(t) cv(t) x w(t)] = — v(t) x w(t) +u(t) - o X w(t) +u(t) - v(t) x o
V() = [va(t), vy (t), v= (1)) = v, ()i + v, ()] + vi(t)k
e The tangent of curve r(t) at the point r(7) is: s(t) = r(7) + tr'(7)
b
e Length of curve r(t) from point r(a) to r(b) is: £ = / VI (t) -/ (t)dt
. . o, 0, 0
e Vector differential operator: Nabla, V= —i+ —j+
Jdx  Oy° 0z
grad div curl Laplacian
Notation grad f=Vf divv=V.v curl v=V xv V2f =div grad f
of. of. of v,  Ovy, Ov Podo Kk o2f o°f O°f
iy 2l T2y z o 9 9 2,22 20 L7 Y.
8x1+8y‘]+82k Ox + Oy * 0z 9z Oy 9z Vi 8x2+8y2+8z2 V(v
Uy Uy U,
Value Vector Scalar Vector Scalar

e Directional derivative: Dsf = (grad f) - a (slope of f at the direction of a)

2.3 Vector integration

2.3.1 Line integral

e Line integral: /
c

F(r) -dr = / F(r(t)) -

dr

b b
/ (Fydz + Fody + Fydz) = / (Fua’(t) + Foy/ () + Fy2'(8)] dt

— Integrate for r sweeping C, but we represent r as a function of ¢, and C is defined by r(¢) = [z(t), y(t), 2(¢)]

fort=atot="»>

— Line integral may depend on the actual path of C

e Line independent integral:

— Thm 1 (potential energy): / F(r) - dr is path independent iff we can find a function f in such that
c

F =grad f

— Thm 2: / F(r) - dr is path independent iff / F(r) - dr = 0 for all closed path C
c c

— Thm 3 (Exact differential): /

x Exact: Fidx + Fody + F3zdz =

e If the line integral is path-independent, we have /

b
e Double Integral: Integrating over an area R, // flz,y)dzdy = / [/
R a g

C

of

9 dx +

F(r) - dr is path independent iff curl F = 0

O 1 O OB OB O _ O 0F,_OR:
8yy82’ q'ay_az’az_am’ax_ay
b
F(r) -dr = f(b) - f(a)
h(x)

()

f(a, y)dyl dr = /cd V;j)

f(=, y)dw] dy
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Oz Oz
e Change of variable in double integral: // f(z,y)dxdy = / fz(u,v),y(u,v)) | gZ gZ dudv
R R’ 7 o

2.3.2 Green’s theorem

F: F
e Green’s Theorem: // (6 20 1) dxdy —7{ (Fdx + Fsdy)
c

— R is a closed bounded region in the xy-plane and its boundary is C

— Alternative form:// (curl F) - kdxdy = 7{ F.dr where F = Fji+ Fj
R C

— Counterclockwise is positive

1
e Finding Cartesian area using Green’s theorem: A = 3 j{ (zdy — ydz)
c

1
e Finding polar area using Green’s theorem: A = 3 j{ r2df
c

2.3.3 Surface integrals
e Parametric form of curve (has one variable): r(t) = z(¢)i + y(t)j + z(t )k
e Parametric form of surface (has two variables): r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k

— A curve on the surface: Relating v and v: £(¢) = r(u(t), v(t))

dr Or or
- T ts of thi ()= — = —u "=r +r1,
angents of this curve: () e + Fp¥ = Fut + 1,0

or r . . - 1

— Tangent plane: h— + k— and unit normal iss n=N = —r, X1,
ou v [Ty X 1y

— If the surface S is represented by g(z,y,z) = 0, then: n = arad |g ad g

rad g

2.3.4 Flux integral

e The flux (mass of fluid per unit time) across a surface: // F - -ndA = // r(u,v)] - N(u,v)dudv

F = Ri+FR”j+Fk JIgF-ndA = [[;(Ficosa+ Fscos 3+ F3cosy)dA
- If n cos ad + cos 3j 4 cosvk , then ¢ [[.F-ndA JJr(FLNy 4+ FyNy + F3N3)dudv
N Nii+ Naj + Nak JJ¢F -ndA [Js(Fidydz + Fydzdx + Fsdady)

o Surface integral without regard to direction: // G(r)dA = // G(r(u,v))|N(u,v)|dudv
s R

//G )dA = / nyfxy))\/l—l—(af) (f)ddy
R/
2.3.5 Gauss’ Divergence Theorem
1. ///V-FdV://F-ndA
T S
/ / / <8F1 8F2 + 88F3> drdydz = / / (Fidydz + Fydzdz + Fydzdy)
z s
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2.3.6 Stroke’s Theorem

e For a particle rotating along an axis with the locus of rotation has radius r, rotating with angular velocity w

and instantaneous velocity v, then w x r = v.
- Vxv= %w

e Stroke’s theorem: // (VX F) ndxdy = j{ F.dr
s c

3 Differential Equations in a Nutshell

3.1 Simple types:

e Separable equations:

gy)dy = f(x)dx
/g(y)dy = /f )dx
Gly) = z)+C

y = Gfl(F(fl?) +C)

e Exact differential equation:

— Criteria 1: Differential equation looks like: M (x,y)dz + N(z,y)dy =0
OM(x,y) _ ON(z,y)

— Criteria 2: M and N are complementary partial derivatives, i.e. 3 = 3
Y x

— Solve by finding u(z,y) = /M(;U,y)dx = /N(:my)dy

e Integrating factors: Find a function F'(z,y) such that F(z,y)M (x,y)dx+ F(x,y)N(z,y)dy = 0, i.e. the equation
becomes exact

— For simplicity, we usually assume F'(x) or F(y) only, i.e. single-variable factors, and they are:

F(z) = exp/1 <881\y/[ 86]3\0[) dx

1 /ON OM
F(y) = exp/ ((%C_By)dy

3.2 Linear differential equations
e Standard form: 3’ + p(z)y = r(z). The solution is y(z) = e™" [/ elrde + C], where h = /p(w)dm

e If r(x) = 0, it is called homogeneous, and then y(z) = Ce™"

a

e Bernoulli equations is those looks like:y’ + p(x)y = g(x)y

— Solution: By substitution of u = y! =%, we can convert the above equation into '+ (1—a)p(z)u = (1—a)g(x)
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3.3 Second/Higer order linear differential equations

e Standard form of 2nd-order L.D.E.: v + p(z)y’ + q(x)y = r(x)

Properties:

1. If y; and yo are solutions of the homo LDE and y;/y, 7#constant, they are independent solutions

2. If y; and ys are independent solutions of the homo LDE, then ci1y; + c2ys is the general solution

3. If y3 is a particular solution of non-homo LDE, then the general solution of it is c1y1 + coya + y3

= Wi(yi,y2) #0

- Fz,y,y") =0

- F(y,y",y") =0

Special homo LDE:

Wronski determinant:W (y;,y2) =

=

=

(A )

Y Yo

Substitution for conversion to homo LDE:

substitute z = g/

= Y1y — Y2ui
<= y; and y9 are linearly independent

1
If y; is one solution of a homo LDE, then yo = 1 / —e” S p(@)dz gy
Y1

dz

substitute z =3/, vy’ = z—

dy

(method of reduction of order)

| |

Constant coefficient

Eular-Cauchy equation

Yy +ay +by =0 22y +axy’ +by =0
Char. eqn M 4+ar+b=0 m?+(a—1)m+b=0
A a® — 4b (a—1)% —4b
A>0 y = c1eMT + cpet2® Yy =c12™ + cox™?
A=0 y = (c1 + cox)e /2 y = (c1 + colnz)z(1-0)/2
A <O /\=—%a:l:iwz—%a:l:i\/b—%a2 m=p+iv=_1-a)xi(4b— (a—1)?)
y = e~ %/2(¢; coswz + co sinw) y =t [c1 cos(vInz) + cosin(vInz)]

e Non-homo L.D.E.: Guess ¥, and then solve for the unknown coefficients:

1. If 7(x) is as shown in the table, choose the corresponding y,

2. If y, chosen is already represented by yp, modify y, by multiplying z; or multiplying z? if yj is obtained
with double root of A

3. If r(z) is a sum of several functions above, choose y,to be the sum of corresponding functions accordingly

|

|

|

r(z) Yp
ker® Ce™
kx™ (n=0,1,...) Polynomial: 3 K,z

=0

kcoswz or ksinwz

K coswx + M sinwzx

ke** coswx or ke sinwx

e** (K coswz + M sin wzx)

e Method of variation of parameters: for use when r(z) is not in the above table

1. Find homo LDE general solution: y;, = c1y1 + cayo

2. Find Wronskian: W = y1y5 — y2y]

3. Find particular solution: y, = —y;

yar(x)
w

4. General solution: y = y5 + yp

dz + yo

L;Ex) dx
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4 Laplace Transform in a Nutshell

f(t) _F) f@t) F(s) ft) F(s)
(1) /O et F(t)dt ] S% 5(t) 1
af() + bg(t) aF(s) + bG(s) 2 833 1 or u(t) %
e (1) F(s —a) "n=0,1,2,... G u(t—a le_“s
ft—a)u(t —a) e;“SF(s) " a; o sntl (t=a) s -
fat) h) ‘ e | T
o eEe - e || e Ly
. kTO coswt R tsinwt CEE
/ f(r)dr SF(s) sinh wt S R . —
0 § s2 — w2 (s —a)? + w2
L) _F() cosh wt S e“coswt S
t s f(@t) sF(s) — f(0)
f(t) +g(t) F(s)G(s) F(8) s2F(s) — sf(0) — f(0)
£(0) Jim s F(s) 40 —F(s) — sF'(s)
£(0) lim 5 (s) () —25F(s) - s*F/(s) - £(0)
e Convolution: f(t)xg(t) = [ f(r)g(t —7)dr

0

5 Fourier Series and Fourier Transform in a Nutshell

5.1 Fourier Series

Fourier representation with period 27w Fourier representation with period p = 2L
s > km . km
flx) = ao+ Z(ak cos kx + by sin kx) flx) = a0+ Z @ COS —T + by, sin 7r
k=1 k=1
h L[r (x)d here a ! /L flx)dx
: = —_— w : = —_
where ag 27r/_Trfyc)yc 0 oL |,
1 (" 1t k
ar = g - f(z) cos kzdz ar = 7 /_L f(x) cos %xdm
L[ ; 1 [k km
b = */ f(x) sin kzdz by = —/ f(z) sin —adx
T L/, L
e Even function means f(—z) = f(z); odd function means f(—z) = —f(z). Examples are cosine and sine.

Even function

0Odd function

f(=2) = f(z)

Example: cosz

f(=z) = =f(z)

Example: sinz

L L L
/_ fuenla)de =2 /0 Foven (2)da /_ osawyir =0

feven(¥) = a0+ (ak cos

k=1

i?m) foaa(z) = i (bk sin ]er)

k=1
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e Further properties of Fourier series representation:

— f(z) = fi(z) + fo(z) then the Fourier series is the sum of every corresponding coefficients

— cf(x) has the Fourier series with each Fourier coefficients of f(x) multiplied by ¢

9 = cosf +isinf

e Exponential representation of complex number: e’
Lo, —io .
— cosf = 5(6 + e ") = cosh(if)

1 .
— sinf = 5(610 — e7%%) = sinh(if)

e Complex Fourier series:

Fourier representation with period 27w Fourier representation with period p = 2L
flz) = ) cpe™ fla) = Y cpemmit
where: ¢ = i ’ f(],‘)eilnxda;‘ h . _ 1 r 7in7rav/Ld
S = where: ¢, = - > f(z)e x
and: ¢cg = aqg and: ¢ = aqg
1 . 1
Cpn = §(a’n - an) (n > 0) Cn = i(an - an) (TL > O)
1 _ 1
C_p = 5(% +ib,) (n>0) Cep = i(an +ib,) (n>0)

1 27
e The integral for finding Fourier coefficients a,,, b,,, ¢,, can integrate for any complete period p, e.g. a,, = o / f(z)dx
T Jo

1 . 0 _
— Hence we usually writes: ¢, = 5 / flz)e2m2/Pdg for the series f(x) = E ¢, e2inme/p
P

5.2 Approximation by trigonometric polynomials

o0 o0
1 ™
o Parseval’s relation: Given f(x) = ao + Z(an cos nx + by, sinnx), we have — f2(z)dx = 2a% + Z(ai +b2)
n=1 TJ—n n+1
N
e Approximation of periodic function by Fourier series up ton = N: f(z) = F(x) = ap + Z(an cosnx + by, sinnx)

n=1

— The “square error’”: E = (f — F)?dx = fA(x)dx — 7

—1T

N
203 + Y (ap +b7)

n=1

— F is minimum if a,, and b,, are the Fourier coefficients

N
1 s

— The square error E > 0 by definition, i.e. we have the Bessel inequality: 2a3 + E (a2 +02) < = f(z)dx
7T — T

n=1

5.3 Fourier Transform

e Rationale: Assume it is periodic. For example, f(z) = x, repeats as if —L < x < L. Then take the limit on

L — .

— Any integrable function is a sum of (may be infinitely many) trigonometric functions

— Fourier coefficients are the magnitude of the corresponding frequency
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e Fourier transform is identical to Laplace transform, by replacing s = iw, i.e., assuming pure imaginary s

f(t) F(s) ft) F(s)
)etdw / e~ hdt s(t 1
=] — | 10 0
af(t) + bg(t) aF( )+ bG(w) eiwot 278 (w — wy)
. 1
et f(t) F(w—wp) u(t) mo(w) + -
ft—1to) e~ W B (w) cos wot 7[d(w — wp) + §(w + wo)]
1
f(at) fF(g) sin wpt —im[§(w — wp) — 8w + wp)]
a a
F(t) 2 f(—w) u(t) cos wot Fl6(w —wo) + 6(w + wo)] + %
£ (8) (iw)"F(w) u(t) sinwot = [§(w — wo) — 0w + wp)] + wg“’f;
S\ n —a a—+ w
(*’Lt) f(t) F( )(w) U(t)e t COS W()t W
t 1 —at - wo
/;OO f(T)dT aF(W) + ﬂF(O)é(W) U(t)e tSlnwot W
1
t t 21 F(w)G t)e
£(1) o(t) VITF(@)G() u(t)e ——
1 _
f(t)g(t) 3 F(w) x G(w) u(t)te™ (0t iw)?
Important Stuff
cos(z £y) = cosxzcosy Fsinzsiny cos 2z = cos® x — sin® x
sin(z + y) = sinz siny + cos z cos y sin2x = 2sinx cos
2cos’z =1+ cos2z 2sin® x = 1 — cos 2
2coszcosy = cos(z —y) +cos(z +y)  sinz +siny = 2sin (L) cos (£2)
2sinzsiny = cos(z —y) —cos(z +y)  sinz —siny = 2cos (L) sin (%)
2sinzcosy =sin(z — y) +sin(z +y)  cosz + cosy = 2cos (L) cos (L5Y)
2coszsiny =sin(z +y) —sin(z —y) cosx — cosy = —2sin (* ;ry)sin (%5%)
. 1
/COS zdr =sinz /e’wdaﬁ = —e"
a
1
/sinxdm = —cosz ze®dr = e (aj — 2)
a a
22 2
/tanxd:r = In|secz| /xze‘”dx =e (m - —f - 3>
a a a
/cot xdx = In|sin z| e sinbxdr = W (asinbx — bcosbx)
/sec xdx = In|secx + tan z| /6‘” cosbrdr = ——— (asinbx + bcos bx)
L Cth
/a:cosxda::cosx+xsinac / dx = = In|a + bx|
a+ bx b
/ sinxd si cos / L d 1 tan~? bz
zsinzdr = sinx — T cosT ————dr = —tan~ " |—
a? + b2z ab a
22 cosxdr = 2xcosx + (2 — 2)sinx ;dx _1 sin~! bz
o VaZ —b2z2 b a
1 1 b
z?sinzdr = 2rsinz + (2 — 2) cosz / mdaz = sec™! ;
/ln:z:dx:xlnx—z /cosh:z:dx:sinhx
1
/ dx =1n|Inz| /sinhxda:: —coshz
rzlnz




