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Chapter 1

Probability

1.1 Probability Measure

• Sample space:Ω

• Events:A ⊂Ω

• Probability measure:P : {A : A ⊂Ω}→ [0,1]

1.2 Probability models

1.2.1 Formulas and notations

• Expectation:E{X}=
∫ ∞

−∞
x fX(x)dx for continuous andE{X}=

∑
x

x fX(x) for discrete

– E{h(X)}=
∫

Ω
h(x) fX(x)dx

• Variance:σ2
X = E{(X−E{X})2}= E{X2}− (E{X})2

– Known as Steiner’s tyheorem

• Baye’s formula:Pr[Ai |B] =
P(Ai)P(B|Ai)

n∑
j=1

P(A j)P(B|A j)

• Total probability formula:P(B) =
n∑

i=1
P(Ai)P(B|Ai)

• Chebyshev’s inequality: Givenn experiments and the experimental mean isX̄,

P(|X̄−µ|> t)≤ σ2

nt2

• Construction of random variables: Inverse transform method

– Let y be a uniformly distributed random value in[0,1]

– Commulative distribution function interested:y = F(x) = Pr[X ≤ x]

– x = F−1(y)

• Little o notation: f (x) = o(x) if lim
x→0

f (x)
x

= 0
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1.2.2 Exponential distribution and Poisson formula

• Random event with average rate of occurance:λ

– Average number of occurance in durationx: λx

– Probability of having occurance in infinitesimal intervalδ t: λδ t

– In time interval(0, t], we partition the interval inton equal parts, each with lengthδ t = t/n

– Probability of havingk≤ n occurances in(0, t]: pk(t) =
(n

k

)
(λδ t)k(1−λδ t)n−k

– Taking limit of n→ ∞: pk(t) = lim
n→∞

(
n
k

)
(λδ t)k(1−λδ t)n−k =

e−λ t(λ t)k

k!

• Probability of no occurance in(0, t]: p0(t) = λe−λ t

– Interarrival time distribution:p0(t) = λe−λ t

– c.d.f.: P0(t) = 1−e−λ t

– Mean interarrival time:E(t) = 1/λ
– Variance:σ2

t = 1/λ 2

1.2.3 Erlang distribution

• Truncated Poisson distribution

– Poisson arrivals is truncated by the capacity of outlets

– Poisson arrivals, the waiting time fork more arrivals (i.e. the arrival time for thek-th customer):

p(t) =
e−λ tλ (λ t)k−1

(k−1)!
=

e−λ tλ ktk−1

(k−1)!

• Erlang-k distribution (Ek) is the distribution of the sum ofk i.i.d. exponential random variables, i.e. convolution of
k i.i.d. exponentials

– Each random variable with meanλ
– Mean of the sum (Erlang-k): k/λ
– Variance:k/λ 2

• Ek−1,k(λ ) distribution

– Mix of Ek−1 andEk

– A random variableX is the sum of (1)k− 1 i.i.d. exponential variables with probabilityp and (2)k i.i.d.
exponential variables with probabilityq = 1− p:

p(t) = p
e−λ tλ k−1tk−2

(k−2)!
+(1− p)

e−λ tλ ktk−1

(k−1)!

1.2.4 Other distributions

• Geometric distribution

– pmf: p(x) = (1− p)px

– Mean:E(x) = p/(1− p)

– Variance:σ2
x = p/(1− p)2

• Gamma distribution

– General form of Erlang distribution (i.e. convolution ofk i.i.d. exponentials wherek is a positive real number)
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– Probability density function:

f (x) =

(
x−µ

β

)
exp( x−µ

β )

βΓ(γ)

with x≥ µ andγ,β ≥ 0

• Hyperexponential: Random select one ofk exponentials (referred byHk)

– A random variableX is any one of thek exponential distributed random variablesxi (i = 1, . . . ,k)

– X = xi with probabilityαi

– xi is exponentially distributed with parameterλi

– pdf of X: p(t) =
k∑

i=1
αiλie−λi t

– Mean:E(x) =
k∑

i=1
αi/λi

– Coefficient of variation:C2
X =

2
∑r

i=1 αi/λ 2
i

(
∑r

i=1 αi/λi)
2 −1≥ 1

∗ The inequality can be proved by Cauchy-Schwarz inequality

• Hypoexponential

– Sum ofk exponential random variables each with parameterλi (i = 1, . . . ,k)

∗ X =
k∑

i=1
xi , with pxi (t) = λie−λi t

– If λi = λ for all i, it is the Erlang distribution

1.2.5 Important series formulas

• Geometric series:
∞∑

k=0

xk =
1

1−x
with x < 1

•
∞∑

k=0

kxk =
x

(1−x)2 with x < 1

1.2.6 Markov Chains

• State space:S

• Transition probability:Pi j . Transition probability matrixP = (Pi j )n×n

• Classification of states:

– Leads to: Statei leads to statej if Pn
i j > 0 for somen

– Communicates: Statei leads to statej and vice versa. Communicate is reflexive, symmetric and transitive.

– Communicate is a class property

– A Markov chain is irreducible if there is only one communicating class

– Statei is recurrent ifPn
ii > 0 for somen. Transient otherwise.

∗ If a state is a communicating class is recurrent, all states are recurrent

∗ If mean time to recurrent is∞, we call it null recurrent

– The period of a recurrent statei is the G.C.D. of{n : Pn
ii > 0}

– Aperiodic: Period of 1

• Ergodic MC: aperiodic, positive recurrent, irreducible
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1.2.7 Continuous-time Markov Chain

• A process{X(t) : t ≥ 0} takes on values of state spaceS such thatPr{X(t + s) = j|X(t) = i} = Pi j (s,s+ t) is a
CTMC

– Memoryless

• CTMC with stationary transitions ifPi j (s,s+ t) = Pi j (0, t) = Pi j (t)

• Chapman-Kolmogorov equations:Pi j (s+ t) =
∑

k Pik(s)Pk j(t) or P(s+ t) = P(s)P(t)

• Time from entering statei to leaving statei (a.k.a. holding time) has exponential distribution with ratevi

– Instantaneous transition rate fromi to j: qi j = P′i j (0) = viPi j

– Kolmogorov forward equations:P′i j (t) =
∑
k6= j

qk jPik(t)−viPi j (t)

– Kolmogorov backward equations:P′i j (t) =
∑
k6= j

qikPk j(t)−viPi j (t)

– Derivation:

P(t +h) = P(h)P(t)
P(t +h)−P(t)

h
=

P(h)P(t)−P(t)
h

=
P(h)P(t)−P(0)P(t)

h

=
[P(h)−P(0)]P(t)

h

lim
h→0

P(t +h)−P(t)
h

= lim
h→0

[P(h)−P(0)]P(t)
h

P′(t) = P′(0)P(t)

∴ P′i j (0) =
∑

k

P′ik(0)Pk j(t)

or usingP(t +h) = P(t)P(h) for forward equation

• If the CTMC is strongly recurrent, the transition probability approaches stationary distribution:Pi j (t)→ π j

• Stationary initial probability:v jπ j =
∑
k6= j

qk jπk

• Transition probability:P(t) = eQt with Qi j =

{
qi j i 6= j

−vi i = j
andeQt =

∞∑

n=0

(Qt)n

n!

– Q is called the infinitesimal generator

– Writing in symmetric matrix form:Q = MΛM−1, then we haveP(t) =
∞∑

n=0

(MΛM−1)n tn

n!
= M

( ∞∑

n=0

Λntn

n!

)
M−1

– πQ = 0

– Given the distribution at timet = 0 is π(0), the distribution at timet is π(t) = π(0)eQt

• Birth death process:qi j =





0 |i− j|> 1

λi j = i +1

µi j = i−1

with birth rateλi and death rateµi

– Linear birth and death process:λn = nλ andµn = nµ with λ < µ

which hasπn =
(λ/µ)n

1− (λ/µ)
.
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1.2.8 Semi-Markov Process

• Definition

– {Zn} is a DTMC with state spaceSand transition matrixP

– {Y(i)
n } i ∈ S is several i.i.d. random sequences with c.d.f.Fi(x) = Pr{Y(i)

n ≤ x}

– If
m∑

k=1
Y(Zk)

k ≤ t <
m+1∑
k=1

Y(Zk)
k , thenX(t) = Zm. X(t) is the SMP.

• My view:

– Zn controls us to look at which{Y(i)
n }

– For every stepn, we look at a (possibly) differentY(i)
n , and accumulate the sum alongn

– We make up a sequence such as:Y(1)
0 ,Y(4)

1 ,Y(3)
2 , . . . ,Y(2)

k ,Y(5)
k+1, . . .

– The sequence make up the time line by concatenation

– At time t on the time line, we refer to last index ofY(i)
k , i.e. i. Take it as the SMP

• If {Y(i)
n } are all exponential distributed with parameterλi , thenX(t) is a CTMC

• AssumeX(t) is a MC (or has a embedded MC) with transition probabilityλi j

– λi j = λiPi j

– Pi j =
λi j∑

k∈S
λik

with i 6= j, Pii = 0

– λi =
∑
j∈S

λi j

• Stationary distribution:

– Defineπ ′j = lim
n→∞

Pr{Zn = j} andπ j = lim
t→∞

Pr{X(t) = j}

– π j =
π ′jE{Y( j)}∑

i∈S
π ′i E{Y(i)}

1.2.9 References:

• [14], “Markov Process”

• [5], Lecture 19-20

• [2], Chapter 1, “Introduction”

• [11], Chapter 5, “The Exponential Distribution and the Poisson Process”

1.3 Wiener Process

1.3.1 Brownian Motion

1.3.1.1 Definition

• A symmetric random walkX(t) with step sizeδx and take a step everyδ t time

– X(t) = (X1 +X2 + · · ·+Xn)δx wheren =
⌊ t

δ t

⌋

– Xi =
{

1 if step i is upward
−1 if step i is downward

– Mean:E{X(t)}= 0
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– Variance:Var{X(t)}=
⌊ t

δ t

⌋
(δx)2

– If we setδx = σ
√

δ t, and letδ t → 0, thenVar{X(t)}= σ2t andX(t) is a Brownian motion

• A stochastic processS(t) is a Brownian motion if

1. S(t) N(0,σ2t)
2. Independent increments: ift0 < t1 < · · · < tn, then S(t1)− S(t0), S(t2)− S(t1), . . . , S(tn)− S(tn−1) are

independent

3. Increments are stationary regardless ofs: S(t +s)−S(s) N(0,σ2t)
4. S(0) = 0

1.3.1.2 Standard Brownian motion

• If σ = 1, the Brownian motion is called the standard Brownian motion. For any Brownian motionX(t), B(t) =
X(t)/σ is a standard Brownian motion

– If X(t) is a standard Brownian motion, the p.d.f. ofX(t)is given by: ft(x) =
1√
2πt2

e−x2/2t

– P.d.f. ofX(t1) = x1, X(t2) = x2, . . . , X(tn) = xn with t1 < t2 < · · ·< tn:

f (x1,x2, . . . ,xn) = ft1(x1) ft2−t1(x2−x1) · · · ftn−tn−1(xn−xn−1)

=
exp

(
− x2

1
2t1
− (x2−x1)2

2(t2−t1) −·· ·−
(xn−xn−1)2

2(tn−tn−1)

)

√
(2π)n [t1(t2− t1) · · ·(tn− tn−1)]

• Conditional probability with ofX(s) givenX(t) = B with s< t (the future value):

fs|t(x|B) =
fs(x) ft−s(B−x)

ft(B)

=
exp

(
− x2

2s− (B−x)2

2(t−s)

)
√

(2π)2s(t−s)

/
exp

(
−B2

2t

)
√

2πt

=
√

t
2πs(t−s)

exp

(
−sB2−2Bsx+ tx2

2s(t−s)
+

B2

2t

)

=
√

t
2πs(t−s)

exp

(
−B2s/t−2Bxs/t +x2

2s(t−s)/t
+

B2

2t

)

=
√

t
2πs(t−s)

exp

(
−x2−2Bxs/t +(Bs/t)2− (Bs/t)2 +B2s/t

2s(t−s)/t
+

B2

2t

)

=
√

t
2πs(t−s)

exp

(
− (x−Bs/t)2−B2s(s− t)/t2

2s(t−s)/t
+

B2

2t

)

=
√

t
2πs(t−s)

exp

(
− (x−Bs/t)2

2s(t−s)/t
+

B2s(s− t)/t2

2s(t−s)/t
+

B2

2t

)

=
√

t
2πs(t−s)

exp

(
− (x−Bs/t)2

2s(t−s)/t

)

– E{X(s)|X(t) = B}=
s
t
B

– Var{X(s)|X(t) = B}=
s
t
(t−s)

• However, ifτ < t (the past value) is given,

– Expected increment is zero:

E{S(t)|S(τ)}= E{S(t)−S(τ)+S(τ)|S(τ)}
= E{S(t)−S(τ)|S(τ)}+E{S(τ)|S(τ)}
= 0+S(τ)
= S(τ)
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– Variance increases with time:

Var{S(t)|S(τ)}= Var{S(t)−S(τ)+S(τ)|S(τ)}
= Var{S(t)−S(τ)|S(τ)}
= Var{S(t)−S(τ)}
= t− τ

• Combining Brownian motion: LetX N(0,σ2) andY N(0,τ2) are independent.Z = X +Y.

– Conditional distribution ofX givenZ:

fX|Z(x|z) =
fX,Z(x,z)

fZ(z)
=

fX,Y(x,z−x)
fZ(z)

=
fX(x) fY(z−x)

fZ(z)

whereZ N(0,γ2) with γ2 = σ2 + τ2. Hence

fX|Z(x,z) =
1√

2πσ2 exp(− x2

2σ2 ) · 1√
2πτ2 exp(− (z−x)2

2τ2 )
1√
2πγ2

exp(− z2

2γ2 )

=
1√

2πb2
exp(− (x−a)2

2b2 )

whereb =
τσ
γ

anda =
b2z
τ2 =

σ2

σ2 + τ2 z. That is, givenZ, the conditional distribution ofX N(a,b2).

– If t < ssuch thatX = X(t),Y = X(s)−X(t), andZ = X+Y = X(s). Thenσ2
X = t, σ2

Y = s−t, σ2
Z = s−t +t = s.

∗ a =
t
s
X(s)

∗ b2 =
(s− t)t

s

∗ E{X|Z}= E{X(t)|X(s)}=
t
s
X(s)

∗ Var{X|Z}= E{X(t)|X(s) =
(s− t)t

s

1.3.1.3 Hitting Time

• Hitting time: GivenX(0) = 0 andX(t) N(0, t). Let the first time of a particular motion to hita > 0 is Ta,

Pr{X(t)≥ a}= Pr{X(t)≥ a|Ta ≤ t}Pr{Ta ≤ t}+Pr{X(t)≥ a|Ta > t}Pr{Ta > t}
=

1
2

Pr{Ta ≤ t}+0

∴ Pr{Ta ≤ t}= 2Pr{X(t)≥ a}

=
2√
2πt

∫ ∞

a
e−x2/2tdx

=
2√
2π

∫ ∞

a/
√

t
e−x2/2tdx

– Pr{X(t)≥ a|Ta ≤ t}= 1
2 because of the symmetric nature of Brownian motion

– Pr{X(t)≥ a|Ta > t}= 0 is obvious by definition ofTa

– For generala∈ (−∞,∞), Pr{Ta ≤ t}=
2√
2π

∫ ∞

|a|/√t
e−x2/2tdx

– Similarly, we can havePr{max
0≤s≤t

X(s)≥ a}= Pr{Ta ≤ t}=
2√
2π

∫ ∞

|a|/√t
e−x2/2tdx

– The probability of hittinga before hitting−b (with a,b> 0) can be analyzed by symmetric random walk with
step sizeδx→ 0:

Pr{hitting a before hitting−b}=
b

a+b
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1.3.1.4 Box-Muller Method for Simulating N(0,1)

• Normal density function:N(0,1) =
1√
2π

e−x2/2

• If two uniform random numbers are drawn from[0,1],

y =
√
−2lnx1cos(2πx2)

will give y N(0,1)

1.3.1.5 Brownian motion with drift

• Brownian motion with drift:X(t) = σB(t)+ µt whereB(t) is a standard Brownian motion

– X(t) N(µt,σ2t)
– X(t)still has stationary and independent increments, andX(0) = 0

1.3.2 Geometric Brownian motion

• If {X(t)} is a Brownian motion with drift, thenY(t) = eX(t) is a geometric Brownian motion

• Geometric brownian motion:Y(t) = eX(t) whereX(t)is a Brownian motion with drift

– X(t) N(µt,σ2t), whereµ is called the drift parameter andσ is called the volatility ofY(t)
– Given all the past value up tos< t,

E{Y(t)|Y(u) : 0≤ u≤ s}= E{eX(t)|X(u) : 0≤ u≤ s}
= E{eX(s)+X(t)−X(s)|X(u) : 0≤ u≤ s}
= eX(s)E{eX(t)−X(s)|X(u) : 0≤ u≤ s}
= Y(s)E{eX(t)−X(s)}
= Y(s)eµ(t−s)+(t−s)σ2/2

= Y(s)e(t−s)(µ+σ2/2) (1.1)

where a result from the moment generating functionE{eaW}= eaE{W}+a2Var{W}/2 is used

– Ratio of a geometric Brownian motion{Y} at t + τ andτ is lognormal distributed:

log

(
Y(t + τ)

Y(τ)

)
N(µt,σ2t)

• A stochastic process{X(t)} is a martingale ifE{X(t)|X(u) : 0≤ u≤ s}= X(s) whenevers< t.

– A geometric brownian motion can be a martingale withµ =−σ2

2

• Use of geometric Brownian motion: Security price modeling
Let S(t) be the price of a security att, then the expected price is given by

E[S(t)] = S(0)exp

(
(µ +σ2)

2
t

)

– S(t) is a limit as the following:
Price of the security will go up by the factoru with probability p and go down by the factord with probability
1− p in everyδ t time units, where

u = exp(σ
√

δ t)

d = exp(−σ
√

δ t)

p =
1
2

(
1+

µ
σ
√

δ t
)

As δ t → 0, S(t) is obtained as previously mentioned
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1.3.3 Pricing Stock Options

1.3.3.1 Arbitrage

• Option scenario: An option of pricecy to buyy shares of a stock at priceP at timet

– At time 0, the option andxshare of stock is purchased at priceP0 < P. Total cost isP0x+cy

– At time t, the stock price per share can either beP1 > P > P0 or P2 < P0 < P

∗ If P1: The total worth isP1x+(P1−P)y
∗ If P2: The total worth isP2x

∗ Fix the worth att:

P1x+(P1−P)y = P2x

y =−P1−P2

P1−P
x

– Gain att:

P2x−P0x−cy= (P2−P0 +
P1−P2

P1−P
c)x

=
PP0 +P1P2−PP2−P0P1 +cP1−cP2

P1−P
x

with careful choice ofc andx, we can make the gain always non-negative. A sure win betting in this mannar
is called an arbitrage.

• Arbitrage theorem:
A set of possible outcomesS= {1,2, . . . ,m} andnwagers. Amountxi ∈R is bet on wageri and the returnxir i( j) is

earned if the outcome isj. A betting schemex = (x1,x2, . . . ,xn) will have the returnR=
n∑

i=1
xir i( j) on outcomej.

Then either

1. There exists a probability vectorp = (p1, p2, . . . , pm) which
m∑

j=1
p j r i( j) = 0, ∀i = 1, . . . ,n, or

2. There exists a betting schemex = (x1,x2, . . . ,xn) which
m∑

i=1
xir i( j) > 0, ∀ j = 1, . . . ,m

1.3.3.2 Black-Scholes option pricing formula

• Present price of a stock isX(0) = x0. Current interest rate isα (i.e. 100α%).

• Let the price of a stock att is X(t). Then the present value ofX(t) is e−αtX(t)

• Option i costsci per share to allow a purchase of stock at timeti for the price ofKi per share.i = 1, . . . ,N

• There is no sure win strategy, hence, by arbitrage theorem, there is a probability measureP over the set of outcomes
under which all the wagers have zero expected return

• A wager observe the stock up to times, then purchasing stock ats and selling it att, with 0≤ s < t ≤ T. The
expected return to be zero.

– Present value of purchasing:e−αsX(s)

– Present value of selling:e−αtX(t)

– Expected return is zero:

EP
{

e−αtX(t)−e−αsX(s) : 0≤ u≤ s
}

= 0

EP
{

e−αtX(t)|X(u) : 0≤ u≤ s
}

= e−αsX(s) (1.2)

• The wager purchased an option for buying one share of the stock att for the priceK

– At time t, the worth of the option is(X(t)−K)+

– Present value of the option:e−αt (X(t)−K)+
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– Cost of option at time 0 with no arbitrage possible:c = EP
{

e−αt (X(t)−K)+
}

– Condition for arbitrage possible: The is noP that satisfies both

EP
{

e−αti X(ti)|X(u) : 0≤ u≤ s
}

= e−αsX(s) (1.3)

EP
{

e−αti (X(ti)−Ki)
+}

= ci (1.4)

for some optioni with present costci and exercise priceKi at timeti

• Suppose priceX(t) = x0eY(t) is a geometric Brownian motion with drift coefficientµ and variance parameterσ2.
If defining α = µ +σ2/2, and using equation (1.1):

E{X(t)|X(u) : 0≤ u≤ s}= X(s)e(t−s)(µ+σ2/2)

= X(s)eα(t−s)

∴ E
{

e−αtX(t)|X(u) : 0≤ u≤ s
}

= e−αsX(s)

– If P is the probability measure governing{x0eY(t) : 0≤ t ≤ T} whereY(t) N(µt,σ2t), the equation (1.2) is
satisfied

– For no arbitrage, the price of an option isc = EP
{

e−αt (X(t)−K)+
}

, i.e.

ceαt = EP
{
(X(t)−K)+

}

=
∫ ∞

−∞
(x0ey−K)+ p(y)dy

=
∫ ∞

log(K/x0)
(x0ey−K) · 1√

2πσ2t
e−(y−µt)2/2σ2tdy

Let w =
y−µt

σ
√

t
,

∴ dw=
1

σ
√

t
dy

y = σ
√

tw+ µt

Then ceαt =
∫ ∞

log(K/x0)
(x0ey−K) · 1√

2πσ2t
e−(y−µt)2/2σ2tdy

=
∫ ∞

log(K/x0)
(x0eσ

√
tw+µt −K) · 1√

2πσ2t
e−w2/2σ

√
tdw

=
∫ ∞

log(K/x0)
(x0eσ

√
tw+µt −K) · 1√

2π
e−w2/2dw

=
x0eµt
√

2π

∫ ∞

w0

eσw
√

te−w2/2dw− K√
2π

∫ ∞

w0

e−w2/2dw

with w0 =
log(K/x0)−µt

σ
√

t
.

Consider
1√
2π

∫ ∞

w0

eσw
√

te−w2/2dw=
etσ2/2
√

2π

∫ ∞

w0

e−(w−σ
√

t)2/2dw

= etσ2/2Pr{N(σ
√

t,1)≥ w0}
= etσ2/2Pr{N(0,1)≥ w0−σ

√
t}

– Standard normal distribution function:Φ(z) =
1√
2π

∫ z

−∞
e−x2/2dx=

1
2

(
1+erf

(
z√
2

))

∗ Pr{N(0,1)≥ z}= Pr{N(0,1)≤−z}= Φ(−z)

– Hence we have

ceαt =
x0eµt
√

2π

∫ ∞

w0

eσw
√

te−w2/2dw− K√
2π

∫ ∞

w0

e−w2/2dw

= x0eµteσ2t/2Pr{N(0,1)≥ w0−σ
√

t}−K Pr{N(0,1)≥ w0}
= x0e(µ+σ2)t/2Φ(σ

√
t−w0)−KΦ(−w0)
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= x0eαtΦ(σ
√

t−w0)−KΦ(−w0)

∴ c = x0Φ
(
σ
√

t−w0
)−Ke−αtΦ(−w0)

or cx0Φ
(

σ2t + µt− log(K/x0)
σ
√

t

)
−Ke−αtΦ

(
µt− log(K/x0)

σ
√

t

)
(1.5)

where (1.5) is called the Black-Scholes option cost valuation formula

∗ With α = µ +σ2/2, the value ofw0 can be written as: (which has noµ involved explicitly)

w0 =
log(K/x0)−αt +σ2t/2

σ
√

t

1.3.3.3 Obtainingσ2

• In practice, we observe the price process{X(t) = eY(t)} for time t ∈ [0,s], with a fixed intervalh

– N =
⌊ s

h

⌋
samples ofY(t) obtained

– DefineWk = Y(kh)−Y((k−1)h), k = 1, . . . ,N
They are i.i.d. normal random variables with variancehσ2

– Sample variance:S2 =
N∑

i=1

(Wi −W̄)2

N−1

–
(N−1)S2

(σ2h)
has aχ-squared distribution withN−1 degrees of freedom, hence

E

{
(N−1)S2

(σ2h)

}
= N−1

Var

{
(N−1)S2

(σ2h)

}
= 2(N−1)

∗ For random variablex in chi-squared distribution withk degree of freedom,E{x}= k andVar{x}= 2k

∗ We have:E{S2/h}= σ2 andVar{S2/h}= 2σ4/(N−1)
which means we can reduce the variance ofS2 by makingh smaller (or equivalently,N larger) , henceS2

can be a better estimate ofσ2

– lim
h→0

S2 = σ2. This is the way to obtainσ2 for equation (1.5)

1.3.3.4 Martingale

• A stochastic process{X(t) : t ≥ 0} is a martingale ifE{X(t)|X(u) : 0≤ u≤ s< t}= X(s), hence
{e−αtX(t) : t ≥ 0} is a martingale ifE{e−αtX(t)|X(u) : 0≤ u≤ s} = e−αsX(s), which results in no arbitrage
possibilities

– For a martingale process{Z(t) : t ≥ 0} which governs the stock price, the cost of a option at timet with
exercise priceK should be:

c = E
{

e−αt (eαtZ(t)−K
)+

}

= E
{(

Z(t)−Ke−αt)+
}

for no arbitrage. C.f. equations (1.3) and (1.4)

– Example of martingale:
Let {N(t) : t ≥ 0} be a Poisson process with rateλ , andY1,Y2, . . . is a sequence of independent random
variables with common meanµ. Let

X(t) = x0

N(t)∏

i=1

Yi

12



= x0

N(s)∏

i=1

Yi

N(t)∏

j=N(s)+1

Yj

for s< t. ThenE{X(t)|X(u) : 0≤ u≤ s}= X(s)E





N(t)∏

j=N(s)+1

Yj



 and

E





N(t)∏

j=N(s)+1

Yj



 =

∞∑

n=0

µn · (λ (t−s))ne−λ (t−s)

n!

= e−λ (t−s)
∞∑

n=0

(λ µ(t−s))n

n!

= e−λ (t−s)eλ µ(t−s)

= e−λ (t−s)(1−µ)

∴ E{X(t)|X(u) : 0≤ u≤ s}= e−λ (t−s)(1−µ)X(s)

E{e−λ (µ−1)tX(t)|X(u) : 0≤ u≤ s}= e−λ (µ−1)sX(s)

which meansα = λ (µ−1).

1.3.4 Gaussian Process

• A Gaussian process is a process{X(t) : t ≥ 0} with meanµX(t) and covariance functionCX(t1, t2) such that
{X(t1),X(t2), . . . ,X(tn)} is a multivariate normal distribution for anyt1, t2, . . . , tn

– For any vectorX = (X(t1),X(t2), . . . ,X(tn)) formed by any sampling ofX(t), the p.d.f. is a multivariate
normal distribution:

fX(x) =
1

(2π)N/2
√

detΣX
exp

(
−1

2
(x−µX)TΣ−1

X (x−µX)
)

x ∈ Rn

where µX =




µX(t1)
µX(t2)

...
µX(tn)




ΣX =




CX(t1, t1) CX(t1, t2) · · · CX(t1, tn)
CX(t2, t1) CX(t2, t2) · · · CX(t2, tn)

...
...

...
CX(tn, t1) CX(tn, t2) · · · CX(tn, tn)




• Obviously, Brownian motion process is a Gaussian process

• If X(t) is a standard Brownian motion process, we have

CX(s, t) = Cov{X(s),X(t)}
= Cov{X(s),X(s)+X(t)−X(s)}
= Cov{X(s),X(s)}+Cov{X(t)−X(s)}
= Cov{X(s),X(s)}
= Var{X(s)}
= s

– Fors< 1 conditioning onX(1) = 0, E{X(s)|X(1) = 0, s< 1}= 0. Hence fors< t < 1,

Cov{X(s),X(t)|X(1) = 0}= E{X(s)X(t)|X(1) = 0}
= E{E{X(s)X(t)|X(t),X(1) = 0}|X(1) = 0}
= E{X(t) E{X(s)|X(t)}|X(1) = 0}
= E

{
X(t)

s
t
X(t)|X(1) = 0

}
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=
s
t
E

{
X2(t)|X(1) = 0

}

=
s
t
t(1− t)

= s(1− t)

where the conditional mean and variance of Brownian motion process is applied.

1.3.5 References

• [5], Lecture 21-23

• [10], Chapter 2, “Normal Random Variables”; Chapter 3, “Geometric Brownian Motion”

• [11], Chapter 10, “Brownian Motion and Stationary Processes”

• [1]
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Chapter 2

Stochastic Calculus

2.1 Stochastic Integral

• Given{X(t) : t ≥ 0} is a standard Brownian motion, andf is a real function with continuous derivative defined on
[a,b], the stochastic integral is defined as Riemann sum:

∫ b

a
f (t)dX(t) ∆= lim

n→∞

n∑

i=0

f (ti) [X(ti+1)−X(ti)] (2.1)

with a = t0 < t1 < · · ·< tn < tn+1 = b is a partition of[a,b] such that

lim
n→∞

max
i

(ti+1− ti) = 0

– The definition of (2.1) is called the Reimann-Stieltjes integral or Lebesgue-Stieltjes integral off with respect
to X on [a,b]

– Compare: Reimann integral off with respect tot on [a,b]:
∫ b

a f (t)dt = lim
n→∞

n∑
i=0

f (ti)δ ti

• Integration by parts formula in stochastic integral:
n∑

i=0

f (ti) [X(ti+1)−X(ti)] = f (b)X(b)− f (a)X(a)−
n∑

i=0

X(ti+1) [ f (ti+1)− f (ti)]

∫ b

a
f (t)dX(t) = f (b)X(b)− f (a)X(a)−

∫ b

a
X(t)d f(t) (2.2)

which (2.2) is usually taken as the definition to calculate the stochastic integral.

– Expectation is zero:

E

{∫ b

a
f (t)dX(t)

}
= E{ f (b)X(b)}−E{ f (a)X(a)}−E

{∫ b

a
X(t)d f(t)

}

= f (b)E{X(b)}− f (a)E{X(a)}−
∫ b

a
E{X(t)}d f(t)

= f (b) ·0− f (a) ·0−
∫ b

a
0d f(t)

= 0

– Variation:

Var

{
n∑

i=0

f (ti) [X(ti+1)−X(ti)]

}
=

n∑

i=0

f 2(ti)Var{X(ti+1)−X(ti)}

=
n∑

i=0

f 2(ti)(ti+1− ti)

∴ Var

{∫ b

a
f (t)dX(t)

}
=

∫ b

a
f 2(t)dt
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• The process{dX(t) : t ≥ 0} is called the white noise and
∫ b

a f (t)dX(t) is the white noise transformation as it can
be imagined that a time varying functionf (t) travels through a white noise medium to yield the output at timeb,∫ b

a f (t)dX(t).

• Example: Particle in Brownian motion
A particale moving with velocityv(t) in viscous fluid. The retardation isβv(t) and the accelaration due to Brownian
motion isαX′(t) where{X(t) : t ≥ 0} is a standard Brownian motion

v′(t) =−βv(t)+αX′(t)

eβ t [v′(t)+βv(t)
]
= αeβ tX′(t)

d
dt

[
eβ tv(t)

]
= αeβ tX′(t)

∴ eβ tv(t) = v(0)+α
∫ t

0
eβsX′(s)ds

v(t) = v(0)e−β t +α
∫ t

0
e−β (t−s)dX(s)

∴ v(t) = v(0)e−β t +α
[
X(t)−

∫ t

0
X(s)βe−β (t−s)ds

]

which the last line is using (2.2).

2.2 Itô Calculus

• A standard Wiener process/Brownian motionWt

– Infinitesimal incrementsdWt in time dt has density:
1√

2πdt
e−dW2

t /2dt

– Mean ofdWt : dWt = E{dWt}= 0

– Variance ofdWt = E
{
(dWt −dWt)2

}
= E

{
(dWt)2

}
= (dWt)2

∗ But according to the density function, the variance isdt, hence

(dWt)2 = dt (2.3)

– A function of Wiener process:f (t,Wt) has the differential

d f(t,Wt) = f (t +dt,Wt +dWt)− f (t,Wt) (2.4)

• Taylor’s expansion: [6]

f (x1, . . . ,xn) =
∞∑

j=0





1
j!

[
n∑

k=1

(xk−ak)
∂

∂x′k

] j

(x′1, . . . ,x
′
n)





x′1=a1,...,x′n=an

f (x+δx,y+δy) = f (x,y)+
[

∂ f (x,y)
∂x

δx+
∂ f (x,y)

∂y
δy

]

+
1
2!

[
∂ 2 f (x,y)

∂x2 (δx)2 +2
∂ 2 f (x,y)

∂x∂y
δxδy+

∂ 2 f (x,y)
∂y2 (δy)2

]

+
1
3!

[
∂ 3 f (x,y)

∂x3 (δx)3 +3
∂ 3 f (x,y)

∂x2∂y
(δx)2δy+3

∂ 3 f (x,y)
∂x∂y2 δx(δy)2 +

∂ 3 f (x,y)
∂y3 (δy)3

]

+ · · ·+ 1
n!

n∑

k=0

(
n
k

)
∂ n f (x,y)
∂xk∂yn−k (δx)k(δy)n−k + · · ·

– Hence tyhe Taylor’s expansion of (2.4):

d f(t,Wt) =− f (t,Wt)+ f (t +dt,Wt +dWt)

=− f (t,Wt)+ f (t,Wt)+
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt
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+
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

=
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

∗ Substituting (2.3), the mean behavior ofd f(t,Wt) is therefore:

d f(t,Wt) =
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
(dWt)2 + · · ·

=
∂ f (t,Wt)

∂ t
dt+

∂ f (t,Wt)
δWt

dWt +
1
2

∂ 2 f (t,Wt)
∂ t2 (dt)2 +

∂ 2 f (t,Wt)
∂ t∂Wt

dtdWt +
1
2

∂ 2 f (t,Wt)
∂W2

t
dt+ · · ·

≈ ∂ f (t,Wt)
∂ t

dt+
∂ f (t,Wt)

δWt
dWt +

1
2

∂ 2 f (t,Wt)
∂W2

t
dt

=
[

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

]
dt+

∂ f (t,Wt)
δWt

dWt

• Chain rule:

– Let dx(t,Wt) = a(x, t)dt+b(x, t)dWt

– For f (x(t,Wt)),

d f(x(t,Wt)) =
[
a(x, t)

∂ f (x)
∂x

+
1
2

b2(x, t)
∂ 2 f
∂x2

]
dt+b(x, t)

∂ f
∂x

dWt

∵ dx(t,Wt) =
[

∂x(t,Wt)
∂ t

+
1
2

∂ 2x(t,Wt)
∂W2

t

]
dt+

∂x(t,Wt)
δWt

dWt

∴ d f(x(t,Wt)) =

[(
∂x(t,Wt)

∂ t
+

1
2

∂ 2x(t,Wt)
∂W2

t

)
∂ f (x)

∂x
+

1
2

(
∂x(t,Wt)

δWt

)2 ∂ 2 f (x)
∂x2

]
dt+

∂x(t,Wt)
δWt

∂ f (x)
∂x

dWt

– This is called the one-dimensional Itô’s formula

• Traditional product rule:

d( f (t)g(t)) = f (t +dt)g(t +dt)− f (t)g(t)
= [ f (t +dt)− f (t)]g(t +dt)+ f (t) [g(t +dt)−g(t)]
= [ f (t +dt)− f (t)] [g(t +dt)−g(t)]+ [ f (t +dt)− f (t)]g(t)+ f (t) [g(t +dt)−g(t)]
= d f(t)dg(t)+g(t)d f(t)+ f (t)dg(t)

=
d f(t)

dt
dg(t)

dt
(dt)2 +

d f(t)
dt

g(t)dt+
dg(t)

dt
f (t)dt

– If dt is infinitesimal,(dt)2 = 0 and we get

d( f (t)g(t)) =
d f(t)

dt
g(t)dt+

dg(t)
dt

f (t)dt

• Product rule in Itô’s calculus:

d( f (t,Wt)g(t,Wt)) = f (t +dt,Wt +dWt)g(t +dt,Wt +dWt)− f (t,Wt)g(t,Wt)
= [ f (t +dt,Wt +dWt)− f (t,Wt)]g(t +dt,Wt +dWt)+ f (t,Wt) [g(t +dt,Wt +dWt)−g(t,Wt)]
= [ f (t +dt,Wt +dWt)− f (t,Wt)] [g(t +dt,Wt +dWt)−g(t,Wt)]

+ [ f (t +dt,Wt +dWt)− f (t,Wt)]g(t,Wt)+ f (t,Wt) [g(t +dt,Wt +dWt)−g(t,Wt)]
= d f(t,Wt)dg(t,Wt)+g(t,Wt)d f(t,Wt)+ f (t,Wt)dg(t,Wt)

∵ d f(t,Wt) =
(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
δWt

dWt

dg(t,Wt) =
(

∂g(t,Wt)
∂ t

+
1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
δWt

dWt

∴ d( f (t,Wt)g(t,Wt)) =
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
δWt

dWt

]
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[(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
δWt

dWt

]

+
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
δWt

dWt

]
g(t,Wt)

+
[(

∂g(t,Wt)
∂ t

+
1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
δWt

dWt

]
f (t,Wt)

=
(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
(dt)2

+
∂ f (t,Wt)

δWt

(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
dtdWt

+
(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
∂g(t,Wt)

δWt
dtdWt +

∂ f (t,Wt)
δWt

∂g(t,Wt)
δWt

(dWt)2

+
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
δWt

dWt

]
g(t,Wt)

+
[(

∂g(t,Wt)
∂ t

+
1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
δWt

dWt

]
f (t,Wt)

=
∂ f (t,Wt)

δWt

∂g(t,Wt)
δWt

(dWt)2 +
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
dt+

∂ f (t,Wt)
δWt

dWt

]
g(t,Wt)

+
[(

∂g(t,Wt)
∂ t

+
1
2

∂ 2g(t,Wt)
∂W2

t

)
dt+

∂g(t,Wt)
δWt

dWt

]
f (t,Wt)

=
∂ f (t,Wt)

δWt

∂g(t,Wt)
δWt

(dWt)2

+
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
g(t,Wt)+

(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
f (t,Wt)

]
dt

+
[

∂ f (t,Wt)
δWt

g(t,Wt)+
∂g(t,Wt)

δWt
f (t,Wt)

]
dWt

which yields the following Itô’s rule:

d( f (t,Wt)g(t,Wt)) =
[(

∂ f (t,Wt)
∂ t

+
1
2

∂ 2 f (t,Wt)
∂W2

t

)
g(t,Wt)+

(
∂g(t,Wt)

∂ t
+

1
2

∂ 2g(t,Wt)
∂W2

t

)
f (t,Wt)+

∂ f (t,Wt)
δWt

∂g(t,Wt)
δWt

]
dt

+
[

∂ f (t,Wt)
δWt

g(t,Wt)+
∂g(t,Wt)

δWt
f (t,Wt)

]
dWt

2.3 Stochastic Differential Equations

• Stochastic differential equations is of the form:

dX(t) = f (X(t))dt+
n∑

i=1

gi(X(t))dNi(t)

where{X(t)} is a stochastic process described by the stochastic differential equation,Ni(t) are Poisson counters
that drivesX(t), and f (x), gi(x) are real-valued functions

– Poisson counterNi(t) with dNi(t) = 0 if no eventi occur att anddNi(t) = 1 if event ioccur att

• Properties of stochastic differential equations

1. If h(t) = h(X(t)) is a function of a stochastic process, then (without proof)

dh(t) =
dh(t)

dt

(
f (X(t))dt+

n∑

i=1

gi (X(t))dNi(t)

)

=
dh(t)

dt
f (X(t))dt+

n∑

i=1

dh(t)
dt

gi (X(t))dNi(t)
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=
dh(t)

dt
f (X(t))dt+

n∑

i=1

[h(X(t)+gi (X(t)))−h(X(t))]dNi(t) (2.5)

2. Letλi be the rate associated withNi(t), then

dE[X(t)]
dt

= E[ f (X(t))]+
n∑

i=1

λiE[gi (X(t))] (2.6)

• Example of using stochastic differential equations: Analyzing M/G/1 queue

– Arrival is represented by Poisson counting process{N(t)} with arrival rateλ , general service timeX

– Let W(t) be the amount of work in the system (which can also be the queueing time of the customer arriving
at t), then

dW(t) =

{
−dt+XdN(t) W(t) > 0

XdN(t) W(t) = 0

=−1{W(t) > 0}dt+XdN(t)

– By (2.6), we have

dE[W(t)]
dt

=−E[1{W(t) > 0}]+λE[X]

=−Pr[W(t) > 0]+λE[X]

– If the system is stable,ρ ∆= λE[X] < 1 anddE[W(t)]/dt = 0, hence

dE[W(t)]
dt

= 0

∴ −Pr[W(t) > 0]+λE[X] = 0

Pr[W(t) > 0] = λE[X] = ρ

– Similarly, we have:

dW2(t) = 2W(t)dW(t)
=−2W(t)1{W(t) > 0}dt+2W(t)XdN(t)

=−2W(t)1{W(t) > 0)dt+
(
(W(t)+X)2−W2(t)

)
dN(t) (why?)

dE[W2(t)]
dt

=−2E[W(t)1{W(t) > 0}]+λ
(
2E[W(t)X]+E[X2]

)

=−2E[W(t)]+λ
(
2E[W(t)]E[X]+E[X2]

)

=−2E[W(t)]+2ρE[W(t)]+λE[X2]

– In steady state,dE[W2(t)]/dt = 0 which yields the Pollaczek-Khinchin formula

0 =−2E[W(t)]+2ρE[W(t)]+λE[X2]

2(1−ρ)E[W(t)] = λE[X2]

E[W(t)] = E[Wq] =
λE[X2]
2(1−ρ)

2.4 References

• [4]

• [10], Chapter 7, “The Black-Scholes Formula”

• [11], Chapter 10, “Brownian Motion and Stationary Processes”

• [15]
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Chapter 3

Stochastic Processes

3.1 Balance Equations

3.1.1 The queue

• Interarrival and service time distributions are both Markovian

• Probability measure:pn(t) defined as the probability that there aren units in the system at timet

• Consideringt → t +δ t whereδ t is really a short time

– Can be any of the following:

1. No arrival and no departure

2. Only an arrival takes place

3. Only a departure takes place

4. Both departure and arrival occurs

– Probability of an arrival occur in intervalδ t: λδ t

– Probability of a departure occur in intervalδ t: µδ t

– Hence forn≥ 0,

pn(t +δ t) = pn(t)(1−λnδ t)(1−µnδ t)
+pn(t)(λnδ t)(µnδ t)
+pn+1(t)(µn+1δ t)(1−λn+1δ t)
+pn−1(t)(λn−1δ t)(1−µn−1δ t)
+o(δ t)

and forn = 0,

p0(t +δ t) = p0(t)(1−λ0δ t)
+p1(t)(µ1δ t)(1−λ1δ t)
+o(δ t)

– Take differentiation onpn(t):

d
dt

pn(t) =−(λn + µn)pn(t)+λn−1pn−1(t)+ µn+1pn+1(t)

d
dt

p0(t) =−λ0p0(t)+ µ1p1(t)

• Steady state probability is defined asd
dt pn(t) = 0.

– Hence the above differential equations become the balance equations
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3.1.2 References

• [12] Sharma (1990), Chapter 1

3.2 Stochastic processes

3.2.1 Birth-Death Process

• {N(t) : t ≥ 0} is a birth-death process if

Pr[N(t +δ t) = k|N(t) = j] =





λ jδ t k = j +1

µ jδ t k = j−1

0 |k− j| ≥ 2

j,k = 0,1, . . .

• Birth-death process is a Markovian model, as its state depends only on the previous state

• Balance equation:

(λ j + µ j)p j = λ j−1p j−1 + µ j+1p j+1

λ0p0 = µ1p1

– Solution: p j =
λ0λ1 · · ·λ j−1

µ1µ2 · · ·µ j
andp0 =


1+

∞∑

j=1

λ0λ1 · · ·λ j−1

µ1µ2 · · ·µ j



−1

3.2.2 Renewal process

• Renewal theory is describing the process of replacement. In a system, componentN is on its duty cycle, and it will
fail some time. Once it is failed, componentN + 1 will replace its role. Renewal theory is describing the partial
sum:

SN = X1 +X2 + · · ·+XN

where each ofXi is the random variable of the lifetime of componenti.

• Number of renewals:U(t) = max{N≥ 0 : SN ≤ t} is the number of renewals in[0, t]

• If the lifetime of component is exponential, i.e.Xi has p.d.fλe−λ t , and the time of thek-th renewal is in Gamma
distribution:

fk(t) = e−λ tλ k tk−1

(k−1)!

• Alternatively, the probability that there are exactly n renewals in time interval[0, t) is in Poisson distribution:

Pr
[0,t)
{N = n}=

(λ t)ne−λ t

n!

• The expected number of renewals per unit time equals to mean lifetime:

lim
t→∞

U(t)
t

= λ

3.2.3 Reference

• [11] Ross (2003), Chapter 5, “The Exponential Distribution and the Poisson Process”; Chapter 6, “Continuous-
Time Markov Chains”

• [2] Akimaru and Konosuke (1999), Chapter 2, “Markovian Models”
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Chapter 4

Queueing Theory

4.1 Kendall Notation

• To abbreviate the description of a general queueing system

• A/B/C

– A, B: interarrival and service time distributions

– C: number of channels or service counters

• A/B/C/D/E

– D: Buffer size, i.e. system capacity. Tandem queue means D6= ∞
– E: Customer population

• Common symbols for distributions:

– M: Markovian distribution, i.e. exponential

– D: Deterministic distribution

– Ek: Erlang-k distribution

– Hk: Hyper-exponential of orderk

– G: General distribution

– GI: General distribution with independent inter-arrival or service times (renewal)

– MMPP: Markov modulated Poisson process (non-renewal)

4.2 Different Queues

4.2.1 M/M/1

• Birth-Death process with state-indepentent arrival (birth) rateλ and departure (death) rateµ

• Balance equation for system state (population in system):

λπn−1 = µπn

πn =
λ
µ

πn−1 = ρπn−1

∴ πn = ρnπ0
∞∑

n=0

ρnπ0 = 1

π0 = 1−ρ
πn = ρn(1−ρ)
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• Expected population in system:E[N] =
n∑

k=0
kπk = ρ/(1−ρ)

– Variance:Var[N] = ρ/(1−ρ)2

• Expected waiting time in queue for the(m+1)-th user:E[Wq|m] = mE[S] = m/µ

– Expected waiting time:E[Wq] =
∞∑

k=0

πkE[Wq|m= k] =
1
µ

∞∑

k=0

kπk =
1
µ

ρ
1−ρ

∗ Variance:Var[Wq] =
2ρ−ρ2

µ2(1−ρ)2

– Probability of not waiting:Pr[Wq = 0] = 1−ρ

– Density function for waiting timet givenk customers in front (Erlang-k distribution): p(t) =
e−λ tλ ktk−1

(k−1)!
– Waiting time distribution:

Pr[Wq ≤ X] = Pr[Wq = 0]+Pr[0 < Wq ≤ X]

= (1−ρ)+
∞∑

k=0

(Pr[N = k]Pr[Ek ≤ X])

= (1−ρ)+
∞∑

k=0

(
(1−ρ)ρk

∫ X

0

e−µt µktk−1

(k−1)!
dt

)

= 1−ρ−(µ−λ )X

Pr[Wq = t] =
d
dt

(
1−ρ−(µ−λ )t

)

= ρ(µ−λ )e−(µ−λ )t

– Expected queue length (by Little’s law):E[Nq] = λE[Wq] =
ρ2

1−ρ

• Expected sojourn time in system for the(m+1)-th user:E[W] = E[Wq]+
1
µ

=
1
µ

1
1−ρ

=
1

µ−λ

– Variance:Var[W] =
1

(µ−λ )2

– Sojourn time distribution:fT(t) = (µ−λ )e−(µ−λ )t

– c.d.f.: FT(t) = 1−e−(µ−λ )t

– c.d.f. of waiting time:FW = 1−ρe−(µ−λ )t

• PASTA: Poisson Arrivals See Time Average

– Poisson arrival with rateλ

– System state at timet given an arrival occur in(t, t +∆t): M(t)

– System state at timet: N(t)

– PASTA:

Pr{M(t) = n}= Pr{N(t) = n|arrival in (t, t +∆t)}

=
Pr{N(t) = n}Pr{arrival in (t, t +∆t)}

Pr{arrival in (t, t +∆t)}
= Pr{N(t) = n}

• Burke’s Theorem: Departure process of M/M/1 queue is Poisson with rateλ independent of arrival process

– Poisson input implies Poisson output
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4.2.2 M/G/1 Queue with FCFS discipline

• Poisson arrival withλ and i.i.d. service timeX with density functionfX(x)

• Analysis using Embedded Markov chain approach:

– Let Yn be the number of customers in the system immediately after the departure of customern

– Let An be the number of arrivals during the service time of customern

– Markov chain:

Yn+1 =

{
Yn−1+An+1 Yn > 0

An+1 Yn = 0

= Yn +An+1−U(Yn)

whereU(x) is the unit step function such thatU(x) = 1 only if x > 0 andU(x) = 0 otherwise.

∗ This markov chain is ergodic with periodρ = λE[X] < 1

– Steady value ofYn: Taking limit n→ ∞

Yn+1 = Yn +An+1−U(Yn)
∴ lim

n→∞
(E[Yn+1]) = lim

n→∞
(E[Yn]+E[An+1]−E[U(Yn)])

E[Y] = E[Y]+E[A]−E[U ]
E[U ] = E[A]

= λ · 1
µ

= ρ

– Expected value ofY2:

E[Y2
n+1] = E[Y2

n +A2
n+1 +U(Yn)2 +2(YnAn+1−YnU(Yn)−An+1U(Yn))]

= E[Y2
n ]+E[A2

n+1]+E[U(Yn)2]+2(E[YnAn+1]−E[YnU(Yn)]−E[An+1U(Yn)])

E[Y2] = E[Y2]+E[A2]+E[U2]+2E[YA]−2E[YU]−2E[AU]

= E[Y2]+E[A2]+E[U ]+2E[Y]E[A]−2E[Y]−2E[A]E[U ]

0 = E[A2]+2E[Y] (E[A]−1)+E[U ] (1−2E[A])

= E[A2]+2E[Y] (ρ−1)+ρ (1−2ρ)

2E[Y](1−ρ) = E[A2]+ρ−2ρ2

E[Y] =
E[A2]+ρ−2ρ2

2(1−ρ)
=

E[A2]+2ρ−2ρ2−ρ
2(1−ρ)

=
E[A2]+2ρ(1−ρ)−ρ

2(1−ρ)

= ρ +
E[A2]−ρ
2(1−ρ)

∗ E[U2] = E[U ] as12 = 1 and02 = 0
∗ Y andA are independent, henceE[YA] = E[Y]E[A]
∗ E[YU] = E[Y] asU = 0 only if Y = 0 andU = 1 if Y 6= 0
∗ A is defined only if there is a user to serve, henceE[AU] = E[A]E[U ]

– Z-transform ofPr[A = n] is the Laplace transform offX(t) with s= λ (1−z):

A(z) =
∞∑

n=0

Pr[A = n]zn

=
∞∑

n=0

zn
∫ ∞

0
Pr[A = n|X = t] fX(t)dt

=
∞∑

n=0

zn
∫ ∞

0

(λ t)ne−λ t

n!
fX(t)dt

=
∫ ∞

0

∞∑

n=0

(λ tz)n

n!
e−λ t fX(t)dt
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=
∫ ∞

0
eλ tze−λ t fX(t)dt

=
∫ ∞

0
e−λ t(1−z) fX(t)dt

= FX(λ (1−z))

– E[A2] can be obtained byA(z):

E[A2] = A′′(z) |z=1 +A′(z) |z=1

= λ 2E[X2]+λE[X]

= λ 2E[X2]+ρ

– SubstituteE[A2] to E[Y] and obtain the Pollaczek-Khinchin formula:

E[Y] = ρ +
E[A2]−ρ
2(1−ρ)

= ρ +
λ 2E[X2]
2(1−ρ)

4.2.3 Waiting time in M/G/1 queue using Little’s Law

• Assume the average service time to beX̄ and the customers are arrived in Poisson process with rateλ

• With respect to customeri, we define:

– Wi : Waiting time in queue

– Ri : Residual service time as seen by customeri. That is the time for the on-going service to complete by the
epoch customeri arrives.Ri = 0 if the queue is empty.

– Xi : Service time received

– Ni : Number of customers already in queue upon the arrival of customeri

• Now we have:

Wi = Ri +
i−1∑

j=i−Ni

Xj

E[Wi ] = E[Ri ]+E





i−1∑

j=i−Ni

Xj





= E[Ri ]+E





i−1∑

j=i−Ni

E[Xj ]





= E[Ri ]+ X̄E[Ni ]
∴ Wq = R+ X̄Nq

• By Little’s law,

Nq = λWq

∴ Wq = R+ X̄(λWq)
= R+(λ X̄)Wq

Wq =
R

1−λ X̄
=

R
1−ρ
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4.2.4 Alternative way to derive Pollaczek-Khinchin formula in M/G/1 queue

• Let the residue service time att to ber(t) and there areN(t) customers ever completed service byt

• Time-averaged residue service time:

R= lim
t→∞

1
t

∫ t

0
r(τ)dτ = lim

t→∞

1
t

N(t)∑

n=1

X2
n

2

= lim
t→∞




N(t)∑

n=1

N(t)
t
· X2

n/2
N(t)




= lim
t→∞

(
N(t)

t
·
∑N(t)

n=1 X2
n

N(t)
· 1
2

)

=
1
2
· lim
t→∞

N(t)
t
· lim
t→∞

∑N(t)
n=1 X2

n

N(t)

∴ R=
1
2

λE[X2]

• Hence the mean waiting time in queue:

Wq =
R

1−ρ

=
λE[X2]
2(1−ρ)

– Even if ρ < 1, Wq = ∞ is possible ifE[X2] = ∞, i.e. variance of service time is too large

– Sojourn time:W = X̄ +Wq = X̄ +
λE[X2]
2(1−ρ)

– Queue length:Nq = λWq =
λ 2E[X2]
2(1−ρ)

– Population in system:N = λW = λ X̄ +
λ 2E[X2]
2(1−ρ)

= ρ +
λ 2E[X2]
2(1−ρ)

• P-K formula: If the service model is known and we can calculateE[X2], we can obtainWq

– M/M/1: E[X2] =
2
µ

⇒ Wq =
ρ

µ(1−ρ)

– M/D/1: E[X2] =
1

µ2 ⇒ Wq =
ρ

2µ(1−ρ)

4.2.5 Mean-Value Analysis of M/G/1 FIFO queue

• Mean value analysis:
E[Wq] = E[Nq]E[X]+E[R]

whereWq is the queueing time,Nq is the population in queue,X is the service time, andR is the remaining service
time where an empty queue yieldsR= 0.

– The equation means the expected waiting time for a newly arriving customer is the sum of the expected
remaining service time of the customer in service, plus the expected service time to finish all customers in
front

• If the service time is exponential,E[R] = ρ · 1
µ . Using Little’s Law:E[Nq] = λE[Wq],

E[Wq] = E[Nq]E[X]+E[R]

= λE[Wq]
1
µ

+ρ
1
µ
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(1−ρ)E[Wq] = ρ
1
µ

E[Wq] =
ρ

1−ρ
1
µ

• If the service is generally distributed,E[R] = ρ
(

E[X]
2

+
σ2

X

2E[X]

)
. Hence

E[Wq] = E[Nq]E[X]+E[R]

= λE[Wq]E[X]+ρ
(

E[X]
2

+
σ2

X

2E[X]

)

= ρE[Wq]+ρ
E[X]

2
+

λσ2
X

2

(1−ρ)E[Wq] =
ρE[X]+λσ2

X

2

E[Wq] =
ρE[X]+λσ2

X

2(1−ρ)

and the mean sojourn time isE[W] = E[Wq]+E[X].

4.2.6 General queue: GI/G/c

• Multiserver queue withc≥ 1 identical servers

• Customers: General independent interarrival times with p.d.f.A(t), arrival rate isλ

– Expected service times:E(S)

– Offered load:λE(S)

– Server utilization:ρ = λE(s)/c

• Random variables:

– N(t): No. of customers in the system at timet, including those in service

– Nq(t): No. of customers in the queue at timet

– Dn: Delay in queue of then-th customer

– Rn: Sojourn time of then-th customer

– V(t): The workload at timet, i.e., the sum of service times of all customers in queue plus the sum of remaining
service times of the customers in service at timet

• Definitions:

– Probability of system state:p j = lim
t→∞

Pr{N(t) = j}
– Waiting time in queue:Wq(x) = lim

n→∞
Pr{Dn ≤ x}, also, waiting time in system:W(x) = lim

n→∞
Pr{Rn ≤ x}

• Averages in the long-run:

– lim
t→∞

1
t

∫ t
0 N(u)du= E(N), andlim

t→∞
1
t

∫ t
0 Nq(u)du= E(Nq)

– lim
n→∞

1
n

n∑
k=1

Dk = E(Wq), and lim
n→∞

1
n

n∑
k=1

Rk = E(W)

– lim
t→∞

1
t

∫ t
0 V(u)du= E(V)

• Little’s Law:

– E(Nq) = λE(Wq), andE(N) = λE(W)

– E(# busy servers) = λE(S)
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∗ If p j is the probability of havingj users in the system,

E(# busy servers) = λE(S)

=
c−1∑

j=0

jp j +c
∞∑

j=c

p j

λE(S) =
c−1∑

j=0

jp j +c


1−

∞∑

j=c

p j




• Expected amount of work in system:E(V)

– Define function:v(t) as the remaining amount of service to complete for a particular user

∗ In waiting time,v(t) = Sas the amount of serviceS is never started

∗ Receiving service for amount of timex, v(t) = S−x

∗ Just completed service:v(t) = S−S= 0

– E(V) = λE(
∫ Wq+S

0 v(t)dt)

– By Little’s law, the amount of work in the system is the product of arrival rate and the amount of work due per
user

E(V) = λE(
∫ Wq+S

0
v(t)dt)

= λE(WqS+
∫ S

0
(S−x)dt)

= λE(Wq)E(S)+E(
1
2

S2)

– Hence,E(V) = λE(Wq)E(S)+ 1
2E(S2)

4.2.7 References

• [14] Towsley (2002)

• [13] Tijms (1986), Chapter 4, Section 4.1

• [7] Nain (1998), Section 3

• [9] Prabhu (1997), Chapter 2, “Markovian Queueing Systems”; Chapter 3, “The Busy Period, Output and Queues
in Series”

4.3 Markovian Delay Systems

4.3.1 M/M/c queue with infinite buffer: Delay system

• Service time:E(S) = 1/µ

• Utilization: ρ = λE(S)/c

• Time-average probabilities: (same as customer-average probabilities)

λ p j−1 = min( j,c)µ j = 1,2, . . .

∴ p j =





(cρ) j

j!
p0 0≤ j ≤ c−1

(cρ) j

c!c j−c p0 j ≥ c

p0 =

{
c−1∑

k=0

(cρ)k

k!
+

(cρ)c

c!(1−ρ)

}−1
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• Delay probability:ΠW =
∞∑

j=c

p j =
(cρ)c

c!(1−ρ)
p0

– Erlang-C, a.k.a. Erlang’s delay formula (blocked-calls-held system)

• Average queue size:E(Lq) =
∞∑

j=c

( j−c)p j =
(cρ)cρ

c!(1−ρ)2 p0 =
ρ

1−ρ
ΠW

• If FIFO, the waiting-time distribution is drived as follows:

– If N≤ c, Nq = 0

– If N > c, service rate from the point of view of the system:cµ

– Distribution of service rate (inter-departure distribution):S(x) = e−cµx

– Probability thatk users completed service in duration lengthx: P(k) =
e−cµx(cµx)k

k!

– Given there arej users in queue, for durationx, the probability that there are less thanj users leave the system:
j∑

k=0

e−cµx(cµx)k

k!

– Distribution of system populationN: p j , which corresponding toj users in the system andj−c users in queue

– Pr{Wq > x}=
∞∑

j=c

p j

j−c∑

k=0

e−cµx(cµx)k

k!
= ΠWe−cµ(1−ρ)x, for x≥ 0.

– Pr{Wq = 0}= 1−ΠW

– Average delay:E(Wq) =
(cρ)c

c!cµ(1−ρ)2 p0 =
ΠW

cµ(1−ρ)

– Average sojourn time:E(W) = E(Wq)+
1
µ

=
ΠW

cµ(1−ρ)
+

1
µ

– Average queue length is provided by Little’s formula,E(Nq) = λE(Wq)
or average system population is provided byE(N) = λE(W)

4.3.2 M/M/c/∞/N queue: Limited customer pool (need verify)

• Arrival at staten≤ N: λn = (N−n)λ

• Exponential service time with meanE[X] = 1/µ

• System service rate at staten: µn =
{

nµ 0≤ n≤ s
sµ s≤ n

• Balance equations

((N− j)λ +min( j,s)µ) p j = (N− j +1)λ p j−1 +min( j +1,s)µ p j+1

=⇒ p j =





(
n
N

)
ρnp0 0≤ n≤ s

1
s!

ρs n!
s!sn−sρnp0 s≤ n≤ N

p0 =

{
s−1∑

n=0

(
n
N

)
ρn +

N∑
n=s

(
N
n

)
n!

s!sn−s

}−1

with ρ = λ/µ.

29



4.3.3 M/D/c queue

• Determinstic departure with service timeD

• Utilization: ρ = λD/c

• Derivation of steady probability

– pk(t): Probability of havingk users at timet

– p0(t +D) =
c∑

k=0

pk(t)e−λD

∗ Rationale:
∑

k(Prob.k≤ c users in the system)(Prob. next arrival occur atδ t ≥ D)

– p j(t +D) =
c∑

k=0

pk(t)
e−λD(λD) j

j!
+

j∑

k=1

pc+k(t)
e−λD(λD) j−k

( j−k)!

∗ Rationale:

1. If there arek≤ c users, upont +D, all the existing users will complete the service and leave, hence
we need to havej arrivals in durationD

2. If there arec+k users, there will bec users leave andk remains, thus we need to havej−k arrivals
in durationD.

– In the long run,lim
t→∞

pk(t) = pk,

p0 =

(
c∑

k=0

pk

)
e−λD

p j =

(
c∑

k=0

pk

)
e−λD(λD) j

j!
+

j∑

k=1

pc+k
e−λD(λD) j−k

( j−k)!

• Z-transform:

– Think {p0, p1, p2, . . .} as a sequence, the z-transform isP(z) =
∞∑

j=0

p jz
j

– Partial sum starting withpc: Pq(z) =
∑∞

j=c p jzj−c

– Expected population:E(N) =
∞∑

j=0

jp j = P′(1)

– Expected queue length:E(Nq) =
∞∑

j=c

( j−c)p j = P′q(1)

• Derivation ofE(N) using z-transform:

p j =

(
c∑

k=0

pk

)
e−λD(λD) j

j!
+

j∑

k=1

pc+k
e−λD(λD) j−k

( j−k)!

∞∑

j=0

p jz
j = P(z) =

∞∑

j=0

{(
c∑

k=0

pk

)
e−λD(λD) j

j!
zj +

j∑

k=1

pc+k
e−λD(λD) j−k

( j−k)!
zj

}

P(z) =
∞∑

j=0

(
e−λD

c∑

k=0

pk

)
(λD) j

j!
zj +

∞∑

j=0

j∑

k=1

(
pc+ke

−λD
) (λD) j−k

( j−k)!
zj

=

(
e−λD

c∑

k=0

pk

) ∞∑

j=0

(λDz) j

j!
+

∞∑

j=1

j∑

k=1

(
pc+ke

−λDzk
) (λDz) j−k

( j−k)!
(4.1)

=

(
e−λD

c∑

k=0

pk

)
eλDz+

∞∑

k=1

∞∑

j=k

(
pc+ke

−λDzk
) (λDz) j−k

( j−k)!
(4.2)
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= e−λD(1−z)
c∑

k=0

pk +
∞∑

k=1

(
pc+ke

−λDzk
) ∞∑

j−k=0

(λDz) j−k

( j−k)!

= e−λD(1−z)
c∑

k=0

pk +
∞∑

k=1

(
pc+ke

−λDzk
)

eλDz

= e−λD(1−z)
c∑

k=0

pk +
∞∑

k=1

pc+ke
−λD(1−z)zk

= e−λD(1−z)
c∑

k=0

pk +e−λD(1−z)
∞∑

k=1

pc+kz
k

= e−λD(1−z)

(
c∑

k=0

pk +
∞∑

k=1

pc+kz
k

)

P(z)zc = e−λD(1−z)

(
zc

c∑

k=0

pk +
∞∑

k=1

pc+kz
c+k

)

= e−λD(1−z)

(
zc

c∑

k=0

pk +

(
P(z)−

c∑

k=0

pkz
k

))

P(z)zc−P(z)e−λD(1−z) = e−λD(1−z)

(
zc

c∑

k=0

pk−
c∑

k=0

pkz
k

)

P(z) =
e−λD(1−z)

(
zc

c∑
k=0

pk−
c∑

k=0
pkzk

)

zc−e−λD(1−z)

=

c∑
k=0

pkzc−
c∑

k=0
pkzk

zceλD(1−z)−1

– Note: Change of second summation in (4.1) is because
0∑

k=1
= 0

– Note: In (4.2), by enumeration,

∞∑

j=1

j∑

k=1

Tjk = T11 + T21+T22 + T31+T32+T33 + . . .

= T11+T21+T31+ . . . + T22+T32+ . . . + T33+T43+ . . .

hence we can have
∞∑

j=1

j∑
k=1

Tjk ≡
∞∑

k=1

∞∑
j=k

Tjk

– Hence the differentiation of z-transform:

P(z) =
c−1∑

j=0

p jz
j +zcPq(z)

P′(z) =
c−1∑

j=1

p j jz j−1 +czc−1Pq(z)+zcP′q(z)

∵ P′(z) =

(
zceλD(1−z)−1

)(
c∑

k=0
pkczc−1−

c∑
k=0

pkkzk−1

)
−

(
c∑

k=0
pkzc−

c∑
k=0

pkzk

)(
czc−1eλD(1−z)−λDeλD(1−z)

)

(
zceλD(1−z)−1

)2

=
c−1∑

j=1

p j jz j−1 +czc−1Pq(z)+zcP′q(z)

∴ E(Nq) = P′q(1) =

(cρ)2−c(c−1)+
c−1∑
j=0

[c(c−1)− j( j−1)] p j

2c(1−ρ)
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• Crommelin’s formula [3] forWq:

Pr{Wq ≤ x}=
c−1∑

i=0

Qi

m∑

j=0

eλ (x−mD) [−λ (x−mD)] jc+c−1−i

( jc+c−1− i)!

Pr{Wq ≤ x}=
∞∑

j=1

c−1∑

i=0

Qie
−λ [(m+ j)D−x] (λ [(m+ j)D−x])(m+ j)c+c−1−i

[(m+ j)c+c−1− i]!

– whereQi =
i∑

j=0
p j , andmsatisfiesmD≤ x < (m+1)D

4.3.4 References

• [13], Chapter 4, Sections 4.2 and 4.4

• [9], Chapter 2, “Markovian Queueing Systems”; Chapter 3, “The Busy Period, Output and Queues in Series”;
Chapter 7, “The System M/G/1, Priority Systems”; Chapter 8, “The System GI/G/1, Imbedded Markov Chains”

4.4 Markovian Loss Systems

4.4.1 M/M/1/c

• Poisson arrival with rateλ

• Balance equation: Same as M/M/1, but withn≤ c

πn = ρπn−1 = ρnπ0

– If λ 6= µ ,

c∑

k=0

πk =
1−ρc+1

1−ρ
π0 = 1

∴ π0 =
1−ρ

1−ρc+1

πn =
1−ρ

1−ρc+1 ρn

– If λ = µ,

c∑

k=0

πk = π0

c∑

k=0

ρk = (c+1)π0 = 1

∴ π0 =
1

c+1

πn =
1

c+1

• Expected number of users in the system:

– If λ 6= µ,

E[N] =
c∑

k=0

kπk

=
c∑

k=0

1−ρ
1−ρc+1 kρk

=
ρ

1−ρ
− (c+1)ρc+1

1−ρc+1
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– If λ = µ,

E[N] =
c∑

k=0

kπk

=
c∑

k=0

k
c+1

=
c
2

• Blocking probability:πc

• Throughput (i.e. real arrival):(1−π0)µ = (1−πc)λ

• E[T] =
E[N]

(1−πc)λ

4.4.2 M/M/c/c

• Poisson arrival and exponential service time with no buffer

• Balance equation:

p j(t +δ t) = (1−λδ t− jµδ t)p j(t) + λδ t p j−1(t) + ( j +1)µδ t p j+1(t)

= p j(t)+
[−(λ + jµ)p j(t)+λ p j−1(t)+( j +1)µ p j+1(t)

]
δ t

p j(t +δ t)− p j(t)
δ t

=−(λ + jµ)p j(t)+λ p j−1(t)+( j +1)µ p j+1(t)

d
dt

p j(t) =−(λ + jµ)p j(t)+λ p j−1(t)+( j +1)µ p j+1(t)

t → ∞ :
d
dt

p j(t) = 0

=−(λ + jµ)p j +λ p j−1 +( j +1)µ p j+1

(λ + jµ)p j = λ p j−1 +( j +1)µ p j+1

• Recurrence formula:

∵ p−1 = 0

∴ λ p0 = µ p1

p1 = (λ/µ)p0

p j =
λ/µ

j
p j−1

p j =
(λ/µ) j

j!
p0

– Definingρ = λ/µ and normalizing
∑

j p j = 1, we have:

p0 =

(
c∑

k=0

ρk

k!

)−1

p j =
ρ j

j!

[
c∑

k=0

ρk

k!

]−1

– The formula forpc is known as the Erlang-B formula (blocked-calls-cleared system):

pc =
ρc

c!

[
c∑

k=0

ρk

k!

]−1

– If c is large,
c∑

k=0

ρk

k! = e−ρ hence Erlang distribution becomes Poisson distribution:

lim
c→∞

(
ρ j

j!

/
c∑

k=0

ρk

k!

)
=

ρ je−ρ

j!
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4.4.3 M/M/s/c

• Only c≥ s makes sense, otherwise it is only a M/M/c/c queue

• Buffer for at mostc−scustomers, additional arrivals will be blocked

– Effective arrival rate:

{
λ if 0≤ n < c
0 otherwise

– Departure rate:

{
nµ if 0≤ n < s
sµ otherwise

• By defining the balance equation, we have

(λ + jµ)p j = λ p j−1 +( j +1)µ p j+1 ( j < s)
(λ +sµ)p j = λ p j−1 +sµ p j+1 (s≤ j < c)

sµ pc = λ pc−1

µ p1 = λ p0

which yields the recurrence formula:

p j =





p0
1
n!

(
λ
µ

)n
= p0

ρn

n! if 0≤ n < s

p0
1

s!sn−s

(
λ
µ

)n
= p0

ρn

s!sn−s if s≤ n < c

p0 =

[
s−1∑

n=0

ρn

n!
+

c∑
n=s

ρn

s!sn−s

]−1

4.4.4 M/M/∞ queue

• Takingc→ ∞, M/M/c/c will become M/M/∞

• Balance equation:

λ p j−1 = jµ p j

p j =
λ
jµ

p j−1

∴ p j =
(

λ
µ

) j 1
j!

p0

• Solution:

p0 = e−λ/µ = e−ρ

pn =
ρn

n!
e−ρ

• In steady state, the system population is in Poisson distribution with meanE[N] = λ/µ = ρ

• Average sojourn time equals to average service time:E[N] = λE[S] ⇒ E[S] = 1/µ

• Waiting time is zero

4.4.5 Reference

• [2], Chapter 2

• [9], Chapter 4, “Erlangian Queueing Systems”
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4.5 Queue with limited pool of customers

4.5.1 M/M/c/c/n queue (with Quasi-random Input)

• A queue with capacityc and finite sources ofn inlets. Each inlet has arrival with rateλ .

• When there arek calls exist in the system, onlyn−k inlets are idle, hence the effective arrival rate to the system is
(n−k)λ

• Balance equations:

[(n− j)λ + jµ ]p j = (n− j +1)λ p j−1 +( j +1)µ p j+1

nλ p0 = µ p1

cµ pc = (n−c+1)λ pc−1

– Definingρ = λ/µ
– Recurrence solution:

p j =
(n− j +1)λ

jµ
p j−1 =

(n− j +1)ρ
j

pk−1

p j =
(

n
j

)
ρ j

[
c∑

i=0

(
n
i

)
ρ i

]−1

(4.3)

– The distributionp j is known as theEngset distribution

• If n→ ∞, Engset distribution will converge to Erlang distribution:
(

n
j

)
ρ j =

n(n−1) · · ·(n− j +1)
n j

(nρ) j

j!
→ (nρ) j

j!

– Effective arrival asn→ ∞: nλ
– Service rate:µ
– nλ/µ = nρ is the effective system utilization

• If n≤ c, Engset distributionp j will become binomial

– Denominator in (4.3):
c∑

i=0

(n
i

)
ρ i =

n∑
i=0

(n
i

)
ρ i = (1+ρ)n

– Steady probability:p j =
(

n
j

)
ρ j(1+ρ)n =

(
n
j

)(
ρ

1+ρ

) j (
1− ρ

1+ρ

)n− j

• Upon the arrival of a call arrival, the probability of havingk calls exist in the system as seen by the arriving call is
given by:

πk = Pr[k calls exist|arrival in δ t]

=
Pr[k calls exist]Pr[arrival in δ t|k calls exist]
c∑

i=0
Pr[i calls exist]Pr[arrival in δ t|i calls exist]

=

(n
k

)
ρkp0× (n−k)λδ t

c∑
i=0

(n
i

)
ρ i p0× (n− i)λδ t

=

(n−1
k

)
ρkp0nλδ t

c∑
i=0

(n−1
i

)
ρ i p0nλδ t

=

(n−1
k

)
ρk

c∑
i=0

(n−1
i

)
ρ i

(4.4)

– Let πk(n) be (4.4) to denote the dependence of number of inletsn
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– πk(n) = pk(n−1)

– As n→ ∞, πk = pk, as PASTA expected

• If n > c, the probability of blocking calls is given by

B = πc =
(

n−1
c

)
ρc

[
c∑

i=0

(
n−1

i

)
ρ i

]−1

– Engset loss formula, the probability of an arriving calls found blocked (call congestion probability)

– pc is the probability that an outside observer found the system is fully occupied (time congestion probability)

– Expected number of calls in the system:

E[N] =
c∑

i=0

ipi = p0nρ
c−1∑

i=0

(
n−1

i

)
ρ i

– Offered load:

ρoffered= E[n−N]ρ = p0nρ
c∑

i=0

(
n−1

i

)
ρ i

– Blocking probability is also given byB =
ρoffered−E[N]

ρoffered

– Offered load in terms of blocking probability:ρoffered=
nρ

1+ρ(1−B)

• Note: For the same parameters, variance of distribution decreases as the order Poisson > Erlang > Engset > binomial.

4.5.2 M/M/s/c/n

• Working as a M/M/s/c queue with the size of customer pool ben

• Balance equations:

[(n− j)λ + jµ]p j = (n− j +1)λ p j−1 +( j +1)µ p j+1 ( j < s)
p j = (n− j +1)λ p j−1 +sµ p j+1 (s≤ j < c)

sµ pc = (n−c+1)λ pc−1

nλ p0 = µ p1

• Solution:

p j =





p0
(n

j

)(
λ
µ

) j
= p0

(n
j

)
ρ j if 0≤ j < s

p0
(n

j

) j!
s!sj−s

(
λ
µ

) j
= p0

(n
j

) j!ρ j

s!sj−s if s≤ j < c

p0 =




s−1∑

j=0

(
n
j

)
ρ j +

c∑

j=s

(
n
j

)
j!ρ j

s!sj−s



−1

4.5.3 M/M/s/∞/n

• Infinite buffer:c→ ∞

• Balance equations:

[(n− j)λ + jµ ]p j = (n− j +1)λ p j−1 +( j +1)µ p j+1 ( j < s)
p j = (n− j +1)λ p j−1 +sµ p j+1 (s≤ j < n)

nλ p0 = µ p1
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• Solution:

p j =





p0
(n

j

)(
λ
µ

) j
= p0

(n
j

)
ρ j if 0≤ j < s

p0
(n

j

) j!
s!sj−s

(
λ
µ

) j
= p0

(n
j

) j!ρ j

s!sj−s if s≤ j < n

p0 =




s−1∑

j=0

(
n
j

)
ρ j +

n∑

j=s

(
n
j

)
j!ρ j

s!sj−s



−1

• Same effect as M/M/s/c/n queue withc≥ n

4.5.4 Reference

• [9], Chapter 7, “The System M/G/1, Priority Systems”; Chapter 8, “The System GI/G/1, Imbedded Markov Chains”

4.6 Multi-class Queue

4.6.1 Batch arrival: M [X]/M/s/s loss system, with PBAS

• X: A random variable representing the batch size

• PBAS: Partial batch acceptance strategy

• Symbols:

– p j : Probability thatj calls exist at any arbitrary instan

– P(z) =
∞∑

j=0
zj p j : Generating function ofp j

– bi = Pr[X = i]: Probability of batch sizei

– B(z) =
∞∑

j=0
zjb j : Generating function ofbi

– φi =
∞∑
j=i

b j : Probability ofX ≥ i

– λ : Batch arrival rate

• Balance equation:

(λ + jµ)p j = λ
j∑

i=0

pib j−i +( j +1)µ p j+1 0≤ j < s

sµ ps = λ
s∑

i=0

piφs−i

– Recurrence solution:p j =
λ
jµ

j−1∑

i=0

p jφ j−i

4.6.2 Processor Sharing Queue with Mixed traffic

• Two classes of jobs:i = 1,2

• Fraction of jobs:αi : α1 +α2 = 1

• Exponential service time with mean1/µi (i = 1,2)

– Assumed1/µ1 > 1/µ2
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• Density function of service time,X:

fX(t) = α1µ1e−µ1t +α2µ2e−µ2t t ≥ 0

– Conditional probability:

Pr[i = 1|X ≥ τ] =
α1e−µ1τ

α1e−µ1τ +α2e−µ2τ

=
α1e(µ2−µ1)τ

α1e(µ2−µ1)τ +α2

>
α1

α1 +α2
= α1

– Pr[X < t|i = 1] = 1−e−µ1t , ∴ Pr[X > t|i = 1] = e−µ1t

• Processor sharing queue: Ifn jobs in queue, each receives service with rateµ/n simultaneously, whereµ is a system
parameter of the queue

• State space:(N1,N2) whereN1, N2 are number of jobs of class 1 and class 2 respectively

– pi j = Pr[N1 = i, N2 = j]

• Balance equation:
(

λ +1{i > 0} i
i + j

µ1 +1{ j > 0} j
i + j

µ2

)
pi j = α1λ1{i > 0}pi−1, j

+α2λ1{ j > 0}pi, j−1

+
i +1

i + j +1
µ1pi+1, j

+
j +1

i + j +1
µ2pi, j+1

with solution:

pi j =
(

α1λ
µ1

)i (α2λ
µ2

) j (i + j)!
i! j!

p00

• The processor sharing queue is same as M/M/1 queue:

Pr[N = n] =
n∑

i=0

pi,n−i

= (λE[X])n p00

4.6.3 General Processor Sharing Queue

• Poisson arrival with rateλ

• General i. i. d. service timesX with density functionfX(x), c.d.f. FX(x) and meanE[X]

• Service rate:1/n for each customer if there aren customers in the system

• System population at timet: N(t)

• State of the system:X(t) = (X1(t), X2(t), . . . , XN(t)(t)) whereXi(t) is the remaining service time ofi-th customer
in the system

• Probability function:fn(t,x1, . . . ,xn) = Pr[N(t) = n, X(t) = (x1, . . . ,xn)]

• Balance equation:fn(t +δ t,x1, . . . ,xn) in terms of fm(t,x1, . . . ,xm)

fn(t +δ t,x1, . . . ,xn) = (1−λδ t) fn(t,x1 +
δ t
n

, . . . ,xn +
δ
n

)

+
n∑

i=0

∫ δ t
n+1

0
fn+1(t,x1 +

δ t
n+1

, . . . ,xi−1 +
δ t

n+1
,y,xi +

δ t
n+1

, . . . ,xn +
δ t

n+1
)dy

+λδ t
n∑

i=0

fX(xi) fn−1(t,x1 +
δ t

n−1
, . . . ,xi−1 +

δ t
n−1

,xi+1 +
δ t

n−1
, . . . ,xn +

δ t
n−1

)
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– Approximation by using derivatives:fn(t,x1 +
δ t
n

, . . . ,xn +
δ
n

) = fn(t,x1, . . . ,xn)+
n∑

i=1

∂ fn(t,x1, . . . ,xn)
∂xi

δ t
n

+o(δ t)

– Simplifying integral:

∫ δ t
n+1

0
fn+1(t,x1+

δ t
n+1

, . . . ,xi−1+
δ t

n+1
,y,xi +

δ t
n+1

, . . . ,xn+
δ t

n+1
)dy= fn+1(t,x1, . . . ,xi−1,0,xi , . . . ,xn)

δ t
n+1

+o(δ t)

– δ t fn−1(t,x1 +
δ t

n−1
, . . . ,xi−1 +

δ t
n−1

,xi+1 +
δ t

n−1
, . . . ,xn +

δ t
n−1

) = δ t fn−1(t,x1, . . . ,xi−1,xi+1, . . . ,xn)+o(δ t)

– Hence the balance equation above can be rewritten as:

fn(t +δ t,x1, . . . ,xn) = (1−λδ t) fn(t,x1, . . . ,xn)+(1−λδ t)
n∑

i=1

δ t
n

∂ fn
∂xi

+
n∑

i=0

fn+1(t,x1, . . . ,xi−1,0,xi , . . . ,xn)
δ t

n+1

+λδ t
n∑

i=0

fX(xi) fn−1(t,x1, . . . ,xi−1,xi+1, . . . ,xn)

+o(δ t)

– Partial differential equations:

∂ fn
∂ t

= −λ fn(t,x1, . . . ,xn)+(1−λδ t)
n∑

i=1

1
n

∂ fn
∂xi

+
n∑

i=0

fn+1(t,x1, . . . ,xi−1,0,xi , . . . ,xn)
1

n+1

+λ
n∑

i=0

fX(xi) fn−1(t,x1, . . . ,xi−1,xi+1, . . . ,xn)

= 0

where the partial derivative w.r.t. timet should be zero because the functionfn should converge in steady state

– Solution for the partial differential equation above is:

fn(x1, . . . ,xn) = (1−ρ)λ n
n∏

i=1

(1−FX(xi))

∗ We can verify that:fn+1(x1, . . . ,xi−1,0,xi , . . . ,xn+1) = λ fn(x1, . . . ,xn)

∗ ∂ fn
∂xi

=−(1−ρ)λ n fX(xi)
∏

j 6=i

(1−FX(x j)) = λ fX(xi) fn−1(x1, . . . ,xi−1,xi+1, . . . ,xn)

– Probability ofN = n in steady state:

Pr[N = n] = (1−ρ)λ n
n∏

i=1

∫ ∞

0
(1−FX(xi))dxi

= (1−ρ)λ n
n∏

i=1

E[X]

= (1−ρ)ρn

4.6.4 M/G/1 Non-preemptive Priority Service Queue

• Classes:i = 1,2, . . . ,n wherei < j means classi gets priority overj

• Service time of classi: Xi

• Poisson arrival with rateλi for classi. Further,λ =
n∑

i=1

λi
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– E[X] =
n∑

i=1

λi

λ
E[Xi ]

– E[X2] =
n∑

i=1

λi

λ
E[X2

i ]

– ρi = λiE[Xi ] is the probability of classi customer in service

– ρ =
n∑

i=1

ρi < 1

• Queueing time of a classi customer is the sum of:

1. Remaining service time of the customer in service (if any)

2. Service time of class 1, 2, ...,i customers already in queue

3. Service time of class 1, 2, ...,i−1 customers who arrive while this customer is waiting in queue

• At any time instant, the residue life timeRof the customer currently in service is given by: (c.f. section 4.2.4)

E[R] = lim
t→∞

1
t

∫ t

0
R(τ)dτ = lim

t→∞

1
t

n∑

i=1

Ni(t)∑

k=1

∫ t0+Xi,k

t0

(Xi,k− τ)dτ

= lim
t→∞

1
t

n∑

i=1

Ni(t)∑

k=1

X2
i,k

2

= lim
t→∞

n∑

i=1

Ni(t)∑

k=1

Ni(t)
t

X2
i,k

Ni(t)
1
2

= lim
t→∞

n∑

i=1

Ni(t)
t

∑Ni(t)
k=1 X2

i,k

Ni(t)
1
2

=
1
2

n∑

i=1

(
lim
t→∞

Ni(t)
t

)
 lim

t→∞

∑Ni(t)
k=1 X2

i,k

Ni(t)




=
1
2

n∑

i=1

λiE[X2
i ]

=
1
2

λE[X2]

• Equation:

E[W(i)
q ] = E[R]+

i∑

k=1

E[N(k)
q ]E[Xk]+

i−1∑

k=1

E[W(i)
q ]λkE[Xk]

= E[R]+
i∑

k=1

λkE[W(k)
q ]E[Xk]+E[W(i)

q ]
i−1∑

k=1

λkE[Xk]

= E[R]+
i∑

k=1

ρkE[W(k)
q ]+E[W(i)

q ]
i−1∑

k=1

ρk

(
1−

i∑

k=1

ρk

)
E[W(i)

q ] = E[R]+
i∑

k=1

ρkE[W(k)
q ]

=⇒ E[W(i)
q ] =

E[R](
1−

i∑
k=1

ρk

)(
1−

i−1∑
k=1

ρk

) (4.5)

=
λE[X2]

2

(
1−

i∑
k=1

ρk

)(
1−

i−1∑
k=1

ρk

)

and E[W(i)] = E[W(i)
q ]+E[Xi ]
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4.6.5 M/G/1 Preemptive Resume Priority Queue

• Parameters: same as those in M/G/1 non-preemtive priority queue

• Sojourn time of a classi customer is the sum of:

1. Time to clear all class 1, 2, ...,i customers already in the system upon arrival (referred asTi)

2. Time to clear all preemptive class 1, 2, ...,i−1 customers who arrive before this customer completes

3. Service time of this customer

• Equation:

E[W(i)] = E[Ti ]+
i−1∑

k=1

λkE[W(i)]E[Xk]+E[Xi ]

(
1−

i−1∑

k=1

ρk

)
E[W(i)] = E[Ti ]+E[Xi ]

E[W(i)] =
E[Ti ]+E[Xi ]

1−
i−1∑
k=1

ρk

– E[Ti ] is given by:

E[Ti ] =
i∑

k=1

λkE[X2
k ]

2(1−ρk)
=

i∑
k=1

λkE[X2
k ]

2

(
1−

i∑
k=1

ρk

)

– Hence the sojourn time:

E[W(i)] =

i∑
k=1

λkE[X2
k ]

2

(
1−

i∑
k=1

ρk

)(
1−

i−1∑
k=1

ρk

) +
E[Xi ]

1−
i−1∑
k=1

ρk

4.6.6 Reference

• [2], Chapter 4

• [14]

• [7], Section 3

• [9], Chapter 5, “Priority Systems”; Chapter 7, “The System M/G/1, Priority Systems”

4.7 Matrix-Geometric Technique

4.7.1 M/M/1 with different arrival rates

• Arrival rate: λ with the system is non-empty andλ ′ with the system is empty

• Balance equation:

λ ′p0 = µ p1

(λ + µ)p1 = λ ′p0 + µ p2

(λ + µ)p j = λ p j−1 + µ p j+1 j = 2,3, . . .

yields the solution:p j = ρ j−1p1
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• Infinitesimal generator:

Q =




−λ ′ λ ′ 0 0 · · ·
µ −λ −µ λ 0 · · ·
0 µ −λ −µ λ · · ·
0 0 µ −λ −µ · · ·
...

...
...

...
. . .




• Probabilitiesp j satisfies:

p0 +
∞∑

j=1

p j = 1

p0 + p1

∞∑

j=1

ρ j−1 = 1

p0 +
p1

1−ρ
= 1

Hencep0 andp1 should satisfies:
(

1 λ ′
1

1−ρ −(λ + µ)+ρλ

)(
p0

p1

)
=

(
1
0

)

• Expected number of customers in queue:

E[Nq] =
∞∑

j=1

( j−1)p j

= p1

∞∑

j=1

( j−1)ρ j−1

= p1
ρ

(1−ρ)2

4.7.2 Hyperexponential queues: M/H2/1

• Hr density function:fX(t) =
r∑

k=1
αkµke−µkt with

∑
k αk = 1

• Consider a queue with arrival ratesλ ′ if queue empty andλ if queue non-empty;H2 service time distribution with
parametersα,µ1, ᾱ,µ2

– Service class: 1, 2 for referringµ1 andµ2respectively, a.k.a. exponential stage

– Define system state as(n,s) wheren is the number of users in the system ands is the service class of the job
in service

– Queue empty:(0,0)

• Infinitesimal generator:

Q=




−λ ′ λ ′α λ ′ᾱ 0 0 0 0 · · ·
µ1 −λ −µ1 0 λ 0 0 0 · · ·
µ2 0 −λ −µ2 0 λ 0 0 · · ·
0 αµ1 ᾱµ1 −λ −µ1 0 λ 0 · · ·
0 αµ2 ᾱµ2 0 −λ −µ2 0 λ · · ·
0 0 0 αµ1 ᾱµ1 −λ −µ1 0 · · ·
0 0 0 αµ2 ᾱµ2 0 −λ −µ2 · · ·
...

...
...

...
...

...
...

. ..




=




B00 B01 0 0 · · ·
B10 A1 A0 0 · · ·
0 A2 A1 A0 · · ·
0 0 A2 A1 · · ·
...

...
...

...
. ..




whereB00 =
(−λ ′

)
, B01 =

(
λ ′α λ ′ᾱ

)
, B10 =

(
µ1

µ2

)
, A0 =

(
λ 0
0 λ

)
, A1 =

(−λ −µ1 0
0 −λ −µ2

)
, A2 =

(
αµ1 ᾱµ1

αµ2 ᾱµ2

)
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– Balance equation:

p0B00+ p1B10 = 0

p0B01+ p1A1 + p2A2 = 0

p j−1A0 + p jA1 + p j+1A2 = 0

for j ≥ 2

• Solution: p j = p1Rj−1

– p =
(
p0 p1 p2 · · ·); pQ= 0

– GivesA0 +RA1 +R2A2 = 0

– Incorporate with normalization condition,

(
p0 p1

)(
1 B01

(I −R)−1e A1 +RA2

)
=

(
1 0

)

• Iterative algorithm for solvingR:

1. SetR0 = 0

2. Rn+1 = (−A0−RnA2)A−1
1

3. If the system is ergodic,lim
n→∞

Rn = R

• Expected number of customers in queue:

E[Nq] =
∞∑

j=1

( j−1)p je

= p1

∞∑

j=1

( j−1)Rj−1e

= p1R(I −R)−2e

4.7.3 General QBD queues

• General quasi birth death queues:

Q =




B00 B01 0 0 0 · · ·
B10 B11 A0 0 0 · · ·
B20 B21 A1 A0 0 · · ·
B30 B31 A2 A1 A0 · · ·
B40 B41 A3 A2 A1 · · ·

...
...

...
...

...
.. .




whereB00 is m′×m′, B01is m′×m, Bn0 is m×m′, others arem×m

– State space:(i, j) wherei is the level andj is the phase

∗ m′ phases in level 0 andmphases in other levels

• A long vector:p=
[

p0 p1 p2 · · · ]
wherep0 =

[
p01 p02 · · · p0m′

]
andpi =

[
pi1 pi2 · · · pim

]
,

then
pQ= 0

with balance equation

∞∑

k=0

p j−1+kAk = 0 j ≥ 2

=⇒ p j = p1Rj−1

where
∞∑

k=0
RkAk = 0.

43



• DenoteM∗to be the matrixM with leftmost column removed, then we have

(
p0 p1

)



B00 B01
∞∑

k=1
Rk−1Bk0

∞∑
k=1

Rk−1Bk1


 = 0

(
p0 p1

)



1 B∗00 B01

(I −R)−1e

[ ∞∑
k=1

Rk−1Bk0

]∗ ∞∑
k=1

Rk−1Bk1


 =

(
1 0

)

4.7.3.1 Markov Modulated Poisson Process (MMPP)

• A k-state CTMC{X(t)} with transition rates ofi → j denoted withai j

• If in stateX(t) = n, the arrival rate to the queue isλn

– Arrival process is Poisson with rateλX(t)

– The CTMC{X(t)} modulates the arrival

• The queue with arrival rateλX(t) and exponential service times with parameterµ

– System state:(n,s) with n jobs in the system andX(t) = s is the state of the modulating MC

– Infinitesimal generator:

Q =




B00 A0 0 0 · · ·
A2 A1 A0 0 · · ·
0 A2 A1 A0 · · ·
0 0 A2 A1 · · ·
...

...
...

...
.. .




whereB00=




−α1 a12 · · · a1k

a21 −α2 · · · a2k
...

...
...

ak1 ak2 · · · −αk


, A0 = diag( λ1 · · · λk ), A1 =




−α1−µ a12 · · · a1k

a21 −α2−µ · · · a2k
...

...
...

ak1 ak2 · · · −αk−µ


,

A2 = diag( µ · · · µ ), αi = λi +
∑
j 6=i

ai j

• It can be solved by Matrix-Geometric techniques

4.7.4 Reference

• [14], “More General Systems”

• [8]
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Chapter 5

Queueing Networks

5.1 Queueing Networks

5.1.1 Definitions

• Open and closed system:

Closed systemTotal number of customers in the system at all time is a constant, i.e. no external arrival or leaving
the system

Open systemCustomers arrive from an external source and may leave the system

• Markovian Network

– A network withN nodes,

– Customer arrive from external to (randomly) nodej as a Poisson process with rateλ j

– Service offered (exponentially) at nodej with rateµ j(n j) wheren j is the number of customers at this node.
In particular,µ j(0) = 0

– Upon completion, the customer transit from nodej to nodek with probability p jk, or leaves the system with
probabilityq j = 1−∑

k
p jk

∗ Transition is independent of history (hence Markovian)

∗ Switching probability:p jk where j 6= k

∗ Probability of instantaneous feedback:p j j

∗ The stochastic matrix(p jk)N×N is irreducible and aperiodic

– Queue discipline is FCFS

5.1.2 Markovian Network

5.1.2.1 Open Markovian network

• Construct the queue length vector:n = (n1,n2, · · · ,nN), the transition and transition rates are:

(n1, · · · ,n j , · · · ,nN)→ (n1, · · · ,n j +1, · · · ,nN) : λ j

(n1, · · · ,n j , · · · ,nN)→ (n1, · · · ,n j −1, · · · ,nN) : µ j(mj)q j

(n1, · · · ,n j , · · · ,nk, · · · ,nN)→ (n1, · · · ,n j −1, · · · ,nk +1, · · · ,nN) : µ j(mj)p jk

• Definingq(n,m) be the rate of transition from queue length vectorn to vectorm, the total rate of leaving staten is
therefore:

r(n) =
∑

m

q(n,m)
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=
N∑

j=1

λ j +
N∑

j=1

µ j(mj)q j +
N∑

j=1

∑

k6= j

µ j(mj)p jk

=
N∑

j=1

λ j +
N∑

j=1

µ j(mj)

(
1−

N∑

k=1

p jk

)
+

N∑

j=1

∑

k6= j

µ j(mj)p jk

=
N∑

j=1

[λ j + µ j(mj)(1− p j j )]

and the balance equation is

r(n)p(n) =
∑

m

p(m)q(m,n)

or equivalently: p(n)

(∑

k

λk +
∑

k

µk(nk)

)
=

∑

k

λkp(· · · ,nk−1, · · ·)

+
∑

k

qkµk(nk +1)p(· · · ,nk +1, · · ·)

+
∑

k

∑

j

pk jµk(nk +1)p(· · · ,nk +1, · · · ,n j −1, · · ·)

• The effective arrival rateαk to nodej satisfies: (which is known as the “traffic equation”)

αk = λk +
N∑

j=1

α j p jk

• With k j being is the normalization constant to make
∑
n

p j(n) = 1, the stationary distribution of queue length is:

p(n1, · · · ,nN) = p1(n1)p2(n2) · · · pN(nN)

with the stationary distribution of the individual queue as:

p j(n j) = k j
(α j)n j

µ j(1)µ j(2) · · ·µ j(n j)

5.1.2.2 Closed Markovian network

• For closed networks, there are finite and constant number of customersM in the system

• Due to no external arrival and departures,λ j = q j = 0, and the balance equation becomes:

r(n)p(n) =
∑

m

p(m)q(m,n)

N∑

j=1

µ j(n j)(1− p j j )p(· · · ,n j , · · · ,nk, · · ·) =
N∑

j=1

∑

k6= j

µ j(n j +1)p jk p(· · · ,n j +1, · · · ,nk−1, · · ·)

• The effective arrival rateα j to nodej satisfies: (due toλk ≡ 0)

αk =
N∑

j=1

α j p jk

• With k being is the normalization constant to make
∑
m

p(m) = 1, the stationary distribution of queue length is:

p(n1, · · · ,nN) = k
N∏

j=1

(α j)n j

µ j(1)µ j(2) · · ·µ j(n j)
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5.1.3 Quasi-reversibility

For an open Markovian network, the departure at every node is independent Poisson process. Hence the departureQ̂(t) is
a time-reverse of queue length processQ(t), this feature is known as “quasi-reversibility” asQ̂(t) = Q(−t) corresponds
to a hypothetical queueing network.

An open Markovian network(λ ,µ ,P) with:

• λ = (λ1,λ2, · · · ,λN)

• µ = (µ1,µ2, · · · ,µN)

• P = (Pjk)N×N

which gives queue length process{Q(t)} has the time-reversed process{Q̂(t)} that correspond to the network(λ̂ , µ̂, P̂)
where:

• λ̂ j = α jq j

• µ̂ j = µ j

• P̂jk = αk
α j

Pjk

5.1.4 Jackson Network

• The difficulty with analysis of network is that the inter-arrival time after traversing the first queue are correlated
with the queue length and not necessary Poisson

– Jackson’s theorem: The correlation is eliminated and randomization is used to divide traffic among different
routes, such that the network can be analyzed

– Result from J. R. Jackson in 1957

– The significance of Jackson’s theorem is the independence among the number of customers at distinct queues
at a given time, even if the overall arrival is not a Poisson process.

5.1.4.1 Open Jackson Network

• Jackson network is a special case of open Markovian network(λλλ ,µµµ,P) such that each node of the network is a
M/M/s queue withsk identical servers at nodek

– There are totalN nodes

– The actual arrival rate at each node is same as Markovian network:αk = λk +
N∑

j=1

α j p jk

– Utilization factor of each queue:ρk =
αk

skµk

• The solution of the balance equation is: (by Jackson’s theorem)

p(n1, · · · ,nN) = p1(n1)p2(n2) · · · pN(nN) =
N∏

k=1

pk(nk)

where:

ρk =
αk

skµk
< 1

pk(nk) =





pk(0)
1

nk!

(
αk

µk

)nk

0≤ nk ≤ sk

pk(sk)ρ
nk−sk
k = pk(0)

1

nk!s
nk−sk
k

(
αk

µk

)nk

nk ≥ sk

pk(0) =




sk−1∑

nk=0

1
nk!

(
αk

µk

)nk

+
1

sk!(1−ρk)

(
αk

µk

)sk



−1
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– If the network is comprises of only M/M/1 queues, i.e.sk = 1 for all k, Jackson’s Theorem becomes:

p(n1, · · · ,nN) =
N∏

k=1

pk(nk) =
N∏

k=1

(
1− λi

µi

)(
λi

µi

)nk

– The solution forp(n) is called a “product-form” solution

5.1.4.2 Closed Jackson Network

• Settingλk = 0 in open Jackson network, we have the arrival rate at nodek becomesαk =
N∑

j=1

α j p jk

– FixedM users in the network at any time

– The network hasN nodes

• The solution of the balance equation is: (by Jackson’s theorem)

p(n) =
1

GN,M

N∏

k=1

(
(αk)nk

∏nk
u=1 µk(u)

)

where:

Sn =

{
n : (n1,n2, . . . ,nN) ∈ {0,1, . . . ,M}N ∧

N∑

k=1

nk = M

}

GN,M =
∑

n∈Sn

N∏

k=1

(
(αk)nk

∏nk
u=1 µk(u)

)

µk(u) =

{
uµk 0≤ u < sk

skµk u≥ sk

G is a normalization constant andSn is a set

– If the network is comprises of only M/M/1 queues, i.e.sk = 1 for all k, it becomes:

p(n) =
1
G

N∏

k=1

(
αk

µk

)nk

where:

Sn =

{
n : (n1,n2, . . . ,nN) ∈ {0,1, . . . ,M}N ∧

N∑

k=1

nk = M

}

GN,M =
∑

n∈Sn

N∏

k=1

(
αk

µk

)nk

• In closed Jackson network, the computation of the normalization constantG is tedious due to the size of the setSn

– J. Buzen game a convolution algorithm for the computation in 1973

5.1.4.3 Buzen’s Convolution Algorithm

• GivenM = 0, then the size ofSn is 1 and henceGN,M = GN,0 = 1

• GivenN = 1, then the Jackson’s network is a single queue with

GN,M = G1,M =
∑

n∈Sn

(α1)n1∏n1
u=1 µ1(u)

=
(α1)M

∏M
u=1 µ1(u)
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• For any generalN,M pair, we have:

GN,M =
∑

n∈Sn

N∏

k=1

(
(αk)nk

∏nk
u=1 µk(u)

)

=
M∑

i=0

∑

n∈Sn
nN=i

N∏

k=1

(
(αk)nk

∏nk
u=1 µk(u)

)

=
M∑

i=0

∑

n∈Sn
nN=i

[
N−1∏

k=1

(
(αk)nk

∏nk
u=1 µk(u)

)](
(αN)i

∏i
u=1 µN(u)

)

=
M∑

i=0

(
(αN)i

∏i
u=1 µN(u)

)
GN−1,M−i

• In the closed Jackson Network with only M/M/1 queues,

GN,M =
M∑

i=0

(
αN

µN

)i

GN−1,M−i

G1,M =
(

αN

µN

)M

GN,0 = 1

5.1.5 Multi-class Jackson Network

• Class definition:

5.1.6 BCMP Network

5.1.7 Reference

• [9], Chapter 6, “Queueing Networks”

• [7], Section 4, “Single Class Queueing Networks”
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